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Abstract

This paper studies a continuous time game in which a finite number of investors purchase
durable equipment on a primary market and rent it out. Investors exercise market power as
oligopolists in the rental market and as oligopsonists in the purchase market, so the purchase
price rises with the aggregate purchase rate and equipment stocks adjust gradually without any
internal adjustment cost or capacity constraint. The unique open loop equilibrium is charac-
terized in closed form. The unique symmetric Markov perfect equilibrium in affine strategies
is shown to generate the same path. If initial endowments are symmetric, there exists a closed
loop equilibrium under which investors overaccumulate relative to the Markov perfect equilib-
rium, but it rests on non-credible threats. In contrast to the classical pattern, it is the more
competitive outcome that requires commitment.
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1 Introduction

Equipment such as computer servers, aircraft, shipping containers, and construction machinery is
often concentrated in the hands of a small number of investors who purchase it on a primary market
and rent it out. Gavazza (2011) documents the prominence of leasing in the market for commercial
aircraft, and Gurun et al. (2023) find that large institutional landlords exercise market power in
rental housing. As oligopolists in the rental market, such investors may restrain the supply of
equipment to raise rents. As oligopsonists in the purchase market, they may restrain their purchase
rates to lower prices. Because equipment is durable, today’s purchases determine tomorrow’s rental
supply, so the purchase market and the rental market are linked over time. This paper studies that
linkage in a continuous time game of equipment accumulation.

In dynamic oligopolies, equilibrium behavior often depends on what firms can commit to. In
classical capital accumulation games, Markov perfect equilibria are often more competitive than
open loop equilibria, and open loop behavior lacks credibility without commitment. In contrast,
this paper presents an economic environment where the Markov perfect equilibrium path coincides
with the open loop path. An overaccumulation equilibrium is also shown to exist, but it relies on
non-credible deterrent threats. In this setting, it is the overaccumulation equilibrium that lacks
credibility without commitment.

The first result characterizes the unique open loop equilibrium in closed form. Even if initial
endowments are asymmetric, every investor holds the same quantity of equipment in the steady
state. Each investor’s equipment stock converges to the steady state at a common rate along the
equilibrium path, and each investor’s equipment stock evolves independently of rivals.

The second result shows that the model admits exactly one symmetric Markov perfect equi-
librium in affine strategies. Dependence on rival stocks is permitted, but is shown to be absent.
This independence is what reconciles Markov perfect play with the open loop path. Because an
individual investor’s equipment stock does not influence rival behavior, the feedback channel that
ordinarily separates Markov perfect equilibrium from open loop equilibrium is absent. The strategic
deterrence that drives a wedge between the two solution concepts in classical capital accumulation
games cannot be sustained by any symmetric affine strategy profile here.

The coincidence of these two solution concepts would be unremarkable if the model lacked
gradual transition dynamics. Dockner, Plank, and Nishimura (1999) provide a precedent for the
coincidence in a discrete time model with a fixed exogenous capital price. In equilibrium, the capital
stock jumps immediately to the steady state. Cellini and Lambertini (2008) provide another in a
Cournot-Ramsey model where capital accumulates from unsold output. If firms start with sufficient
capital, they sell the same quantity at every instant in equilibrium. Their open loop path is a
degenerate feedback equilibrium because equilibrium profits do not depend on capital stocks. In
both precedents, equilibrium behavior is constant over time, so the coincidence reflects the absence
of adjustment. In the present model, investors adjust their purchase rates gradually along the path
to the steady state, so the coincidence is a statement about the credibility of open loop behavior
along a transition path.

A literature beginning with the trilinear games of Clemhout and Wan Jr (1974), systematized by
Fershtman (1987), and surveyed by Dockner, Jørgensen, et al. (2000), identifies a class of differential
games in which open loop equilibria are degenerate feedback equilibria. In these games, capital
holdings have no impact on optimal behavior, so the feedback strategies supporting the open loop
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path are constant in the state. The present game does not belong to this class. Each investor’s
purchase rate responds to their own equipment holdings, and each investor’s rental revenue falls as
rival holdings rise. The game is neither trilinear nor state separable, so the coincidence between
open loop equilibrium and Markov perfect equilibrium is an equilibrium outcome rather than a
structural property of the payoff function.

The connection between gradual dynamics and endogenous prices in the present model dis-
tinguishes it from the classical capital accumulation games. In Spence (1979) and Fudenberg and
Tirole (1983), investment rates are exogenously bounded and investment is irreversible. In Reynolds
(1987), Driskill and McCafferty (1989), and Reynolds (1991), firms face convex internal adjustment
costs, which is the source of their gradual dynamics. In these prior models, Markov perfect equi-
libria are more competitive than open loop equilibria because affine feedback equilibria exist in
which firms overaccumulate to deter rivals. In Grenadier (2002), Back and Paulsen (2009), and
Steg (2024), capital is acquired at a constant exogenous marginal cost, capital never depreciates,
and investment is irreversible. Back and Paulsen (2009) show that open loop equilibria are not
subgame perfect in such settings. Steg (2024) identifies a range of Markov perfect equilibria, none
of which support the open loop path.

In Fershtman and Kamien (1987) and Wang and Werning (2022), dynamics arise from price
rigidities. Fershtman and Kamien (1987) consider a model where output prices adjust towards
inverse demand at an exogenous speed. In the model presented by Wang and Werning (2022),
firms can only change prices at exogenously staggered times. In the present model, investment
is reversible and unbounded, equipment depreciates, prices adjust freely at every instant, and the
purchase price is endogenous. Across these prior environments, open loop and symmetric Markov
perfect equilibria diverge. Here, within the affine class, they always coincide.

The remainder of the paper proceeds as follows. Section 2 presents the model. Section 3
characterizes the unique open loop equilibrium, establishes the uniqueness of the symmetric Markov
perfect equilibrium, and shows that it generates the open loop path. Section 4 illustrates the
equilibrium path in a numerical example. Section 5 concludes. Proofs appear in the appendix.

2 Model

Consider a population of n > 1 investors who can purchase and rent out durable equipment. Let
N = {1, . . . , n} index the set of investors. At time t = 0, each investor i is endowed with q0i ∈ R
units of equipment. Let q0 ∈ Rn denote the initial endowment profile.

Let qi (t) denote the quantity of equipment owned by investor i at time t ∈ R+. Let q (t) ∈ Rn

denote the quantity profile at time t. Let xi (t) ∈ R denote investor i’s net purchase rate at time
t. Let x (t) ∈ Rn denote the purchase profile at time t. Let δ > 0 denote the depreciation rate, so
q̇i (t) is given by (1).

q̇i (t) = xi (t)− δqi (t) (1)

Investors are oligopolists in the rental market and oligopsonists in the purchase market. Let
Q (t) =

∑n
i=1 qi (t) denote the total quantity of equipment supplied to the rental market at time t.

Let z (t) = γ − ηQ (t) denote the rental rate at time t. Supplying an additional unit of equipment
to the rental market decreases the rental rate, so the marginal rental revenue is less than the rental
rate.
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Let X (t) =
∑n

i=1 xi (t) denote the aggregate purchase rate at time t. Let p (t) = α + βX (t)

denote the purchase price at time t. New equipment is supplied competitively with an upward
sloping supply curve. The faster investors buy equipment, the higher the purchase price, so the
slope β acts as an aggregate adjustment friction. Let πi (t) denote investor i’s net cash flow at time
t.

πi (t) = z (t) qi (t)− p (t)xi (t) (2)

Let r > 0 denote the discount rate. The parameters α, β, δ, and η are strictly positive and
γ > α (r + δ). This restriction guarantees that the equipment market is viable. A unit of equipment
purchased at the base price α has an opportunity cost of α (r + δ) per unit time in forgone interest
and depreciation. The restriction γ > α (r + δ) says that the base rent γ exceeds this opportunity
cost.

Let Xi denote the set of locally square-integrable functions f : R+ → R. Two functions in
Xi are considered equal if they are equivalent almost everywhere. Let x ∈ X =

∏
i∈N Xi denote

the investment profile. Investor i’s total discounted cash flow Πi (x|q0) ∈ R is given by (3) if∫ τ
0 e

−rtπi (t) dt converges in the extended reals as τ → ∞. Otherwise, Πi (x|q0) = −∞.1

Πi (x|q0) =
∫ ∞

0
e−rtπi (t) dt (3)

An investment profile x ∈ X and an initial endowment profile q0 ∈ Rn are said to form an open
loop equilibrium (x, q0) if Πi (xi, x−i|q0) ≥ Πi (x̂i, x−i|q0) for all i ∈ N and all x̂i ∈ Xi. In an open
loop equilibrium, each investor i ∈ N commits to a purchase path xi at time t = 0 taking rival paths
x−i as given. An open loop equilibrium is thus a Nash equilibrium in purchase path strategies. Let
X ∗ (q0) denote the set of all investment profiles x ∈ X such that (x, q0) is an open loop equilibrium.

Let Φi denote the set of affine functions f : Rn → R. Let ϕi ∈ Φi denote investor i’s strategy. Let
ϕ ∈ Φ =

∏
i∈N Φi denote the strategy profile. Let Πi (ϕ|q0) = Πi(x

ϕ|q0) where xϕ (t) = ϕ
(
qϕ (t)

)
and q̇ϕ (t) = xϕ (t) − δqϕ (t). Let Πi (xi, ϕ−i|q0) = Πi(xi, x−i|q0) where x−i (t) = ϕ−i (q (t)) and
q̇ (t) = x (t) − δq (t).2 A strategy profile ϕ ∈ Φ and an initial endowment profile q0 ∈ Rn are said
to form a closed loop equilibrium (ϕ, q0) if Πi (ϕi, ϕ−i|q0) ≥ Πi (x̂i, ϕ−i|q0) for all i ∈ N and all
x̂i ∈ Xi. Let Φ∗ (q0) denote the set of all strategy profiles ϕ ∈ Φ such that (ϕ, q0) is a closed loop
equilibrium.

A strategy profile ϕ ∈ Φ is said to be a Markov perfect equilibrium if ϕ ∈ Φ∗ (q0) for all q0 ∈ Rn.
Let Φ∗ = ∩q0∈RnΦ∗ (q0) denote the set of all Markov perfect equilibria in Φ. A strategy profile
ϕ ∈ Φ is said to be symmetric if Pϕ (q0) = ϕ (Pq0) for all q0 ∈ Rn and any permutation matrix
P ∈ Rn×n. Let ΦS denote the set of all symmetric strategy profiles in Φ. Let Φ∗

S = Φ∗ ∩ΦS denote
the set of all symmetric Markov perfect equilibria in Φ.

1This convention assigns an infinitely negative value to oscillatory non-convergent cases. Without it, such cases
would have no well-defined value.

2The fully closed loop initial value problem has a unique global solution because ϕi is affine for each investor i.
Further, the mixed closed loop initial value problem has a unique global solution because ϕj is affine for j ̸= i and xi

enters as a Carathéodory forcing.
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3 Results

Theorem 1 identifies a unique open loop equilibrium for each initial endowment profile. Even if the
initial endowments q0 ∈ Rn are asymmetric, the steady state is symmetric. All investors hold ω

units of equipment in the steady state. Investors interact through the purchase price p and the rental
rate z, but each investor’s gap qi − ω decays at the common rate |κ|, regardless of how the initial
endowments were distributed. The bracketed term in (5) is the aggregate equipment quantity that
price taking investors would hold in the steady state. The factor 1/ (n+ 1) is the familiar Cournot
ratio of individual output to the competitive aggregate, here reflecting market power in both the
rental and purchase markets.

Theorem 1. For all q0 ∈ Rn there exists x∗ ∈ X such that X ∗ (q0) = {x∗}. For every investor
i ∈ N and all t ∈ R+

x∗i (t) = δω + (δ + κ) (q0i − ω) eκt (4)

ω =

(
1

n+ 1

)[
γ − α (r + δ)

η + βδ (r + δ)

]
(5)

κ =
rβ −

√
β2 (r + 2δ)2 + 4βη

2β
(6)

In the open loop equilibrium, investor i’s equipment quantity follows qi = ω + (q0i − ω) eκt, so
their purchase rate follows xi = δqi + κ (qi − ω).3 The first term δqi offsets depreciation and the
second term κ (qi − ω) gradually closes the gap between qi and ω at a rate proportional to the size
of the gap. In the limit as β → 0, the purchase price becomes insensitive to the aggregate purchase
rate and the adjustment rate |κ| grows without bound. Theorem 2 identifies the unique symmetric
Markov perfect equilibrium in affine strategies.

Theorem 2. There exists ϕ∗ ∈ Φ such that Φ∗
S = {ϕ∗}. For every investor i ∈ N and every

quantity profile q ∈ Rn

ϕ∗i (q) = δqi + κ (qi − ω) (7)

Under this Markov perfect equilibrium, the investment path from any initial endowment profile
q0 ∈ Rn coincides with the unique open loop equilibrium. Investor i’s purchase rate depends
on their own equipment quantity qi, but not on the opponent quantity profile q−i. Likewise, rival
strategies do not respond to investor i’s equipment quantity, so a deviation from investor i’s Markov
perfect strategy cannot influence the future behavior of rivals. This independence is what reconciles
the open loop equilibrium path with Markov perfection. Let RnS denote the set of all symmetric
endowment profiles q0 ∈ Rn such that q0i = q0j for all i, j ∈ N . Theorem 3 identifies an affine
strategy profile ψ which forms a closed loop equilibrium with every symmetric endowment profile.

3Since κ < 0, qi (t) is a convex combination of q0i and ω, so investor i’s equipment quantity always remains
between q0i and ω. Since γ > α (r + δ) obtains ω > 0, every investor’s equipment quantity remains nonnegative from
every nonnegative endowment profile.
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Figure 1: A Markov Perfect Equilibrium Path

Theorem 3. There exists ψ ∈ Φ such that, for all q0 ∈ Rn, ψ ∈ Φ∗ (q0) if and only if q0 ∈ RnS. For
every investor i ∈ N and every quantity profile q ∈ Rn

ψi (q) = δqi + κ (q̄ − ω̂) +
r

2
(qi − q̄) (8)

ω̂ =

(
n+ 1

n

)[
(2n− 1) r − 2 (n− 1)κ

2nr − 2 (n− 1)κ

]
ω (9)

q̄ =
1

n

n∑
i=1

qi (10)

From any symmetric endowment profile, every investor’s equipment quantity converges to ω̂

under the strategy profile ψ. Since κ < 0 < r, ω > 0, and n > 1, ω̂ exceeds ω. The strategy
profile ψ sustains the overaccumulation that characterizes the feedback equilibria of Reynolds (1987)
and Driskill and McCafferty (1989), but it relies on deterrent threats that lack credibility without
commitment. From any symmetric quantity profile, ψi is a best response to ψ−i, but the optimality
of this strategy depends on the commitment to ψ−i at asymmetric quantity profiles. Theorem 3
shows that ψ is not self enforcing at the asymmetric quantity profiles where its deterrent response
is invoked. In contrast, the Markov perfect strategy profile ϕ∗ is credible without commitment.

4 Example

Figure 1 illustrates the Markov perfect equilibrium path when n = 5, r = 0.05, δ = 0.1, α =

β = η = 1, and γ = 100. The initial endowments at time t = 0 are q0 = (0, 5, 10, 15, 20). Over
time, each investor’s individual equipment quantity converges to the common steady state level ω ≈
16.4. Initial endowments are asymmetric, but steady state equipment holdings are symmetric. The
equipment price and the rental rate decline over time as equipment quantities approach the steady
state. Investor 5 starts with equipment quantity q05 = 20 > ω, so their equipment quantity declines
over time and their initial purchase rate is negative, illustrating the reversibility of investment in this
model. If all five investors instead began with equal endowments, then the closed loop equilibrium
ψ of Theorem 3 would generate the steady state ω̂ ≈ 19.6, which is about 19% higher than ω.
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5 Conclusion

This paper studies settings in which a finite number of investors accumulate durable equipment in
continuous time. These investors exercise market power as oligopolists in the rental market and as
oligopsonists in the purchase market. Gradual adjustment arises from the price mechanism itself.
New equipment is supplied along an upward sloping curve, so the purchase price depends on the
aggregate purchase rate. This dependence alone is enough to make the aggregate equipment stock
adjust gradually. No internal adjustment cost, capacity constraint, or exogenous price rigidity is
required. The speed of adjustment is an equilibrium object rather than an imposed parameter.

The open loop equilibrium is characterized in closed form and is supported by the unique sym-
metric Markov perfect equilibrium in affine strategies. The two solution concepts produce the same
investment path from any initial endowment profile. Markov strategies allow dependence on rival
stocks, but this dependence is shown to be absent in equilibrium, so each investor’s equipment quan-
tity evolves independently of the quantities held by rivals. This independence is what reconciles the
open loop equilibrium path with the Markov perfect equilibrium.

Several extensions of the present model seem worth pursuing. Whether the coincidence between
Markov perfect equilibrium and open loop equilibrium extends to the larger class of asymmetric
or non-affine Markov perfect equilibria is a question for future research. Allowing the demand and
cost parameters to differ across investors could allow heterogeneity to survive in the steady state.
If the deterministic rental demand relation were enriched to include a stochastic component, the
endogenous purchase price could become a channel for dynamic strategic interaction beyond the
one studied here. Each of these potential extensions would relax a structural assumption on which
the present results depend.

A Preliminaries

Let ei denote the ith standard basis vector of Rn, let 1 =
∑n

i=1 ei denote the ones vector. Vectors
are columns and v⊺ denotes the transpose of v. Let Vi (q0|ϕ) = Πi (ϕ|q0) denote investor i’s value
function under the strategy profile ϕ. Let R : R → R denote the quadratic polynomial

R (ν) = βν2 − rβν − η − βδ (r + δ) (11)

B Proofs

Lemma 1. Let ω and κ be given by Theorem 1. Then κ and r − κ are the roots of R, κ < −δ <
0 < r < r − κ, R (ν) < 0 if and only if κ < ν < r − κ, and (12)–(16) hold for all ν ∈ R.

R (ν) = β (ν − κ) (ν − r + κ) (12)

−R (ν) = η + β (ν + δ) (r + δ − ν) (13)

β (δ + κ) (r + δ − κ) = −η (14)

(n+ 1) [η + βδ (r + δ)]ω = γ − α (r + δ) (15)

(n+ 1)βκ (κ− r)ω = γ − α (r + δ) (16)
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Proof. By (11), R (ν) = 0 if and only if βν2 − rβν − [η + βδ (r + δ)] = 0. The discriminant of this
equation is β2r2 + 4β [η + βδ (r + δ)] = β2 (r + 2δ)2 + 4βη, so κ is the smaller root of R by the
quadratic formula. By Vieta’s formulas, the roots of R sum to r and have a negative product, so the
larger root is r− κ and κ < 0 < r < r− κ. Since the leading coefficient of R is β, this obtains (12).
Expanding β (ν + δ) (r + δ − ν) = −βν2 + rβν + βδ (r + δ) and combining with (11) obtains (13).
Since β > 0 and κ < r − κ, (12) obtains that R (ν) < 0 if and only if κ < ν < r − κ. Evaluating
(13) at ν = −δ obtains −R (−δ) = η > 0, so κ < −δ < r − κ. Evaluating (13) at ν = κ and
substituting R (κ) = 0 obtains (14). Rearranging (5) obtains (15). Since R (κ) = 0, (11) obtains
η + βδ (r + δ) = βκ (κ− r) and substituting this into (15) obtains (16).

Lemma 2. Let x ∈ X , q0 ∈ Rn, i ∈ N , and h ∈ Xi. Let q be the path induced by x and let
∆h (t) =

∫ t
0 e

δ(s−t)h (s) ds. Then (xi + h, x−i) induces the path (qi +∆h, q−i) and (17) holds for
almost all t ∈ R+.

πi (xi + h, qi +∆h) = πi (xi, qi) + (z − ηqi)∆h − (p+ βxi)h− η∆2
h − βh2 (17)

Proof. Differentiating πi with respect to xi and qi obtains (18) and (19).

∂πi
∂xi

= −p− ∂p

∂xi
xi = −α− β (X + xi) = −p− βxi (18)

∂πi
∂qi

= z +
∂z

∂qi
qi = γ − η (Q+ qi) = z − ηqi (19)

Differentiating again with respect to xi and qi obtains

∂2πi
∂x2i

= −2β (20)

∂2πi
∂q2i

= −2η (21)

∂2πi
∂xi∂qi

= 0 (22)

Since ∆h (0) = 0 and ∆̇h = h − δ∆h almost everywhere, qi + ∆h solves the state equation (1) for
xi + h with initial condition q0i. Since x−i is unchanged, so is q−i. Holding (x−i, q−i) fixed, πi is a
quadratic polynomial in (xi, qi) with gradient (18)–(19) and Hessian (20)–(22), so the exact second
order Taylor expansion of πi at (xi, qi) with increment (h,∆h) obtains (17).

Lemma 3. For all q0 ∈ Rn and all i ∈ N there exist bounded x̂i ∈ Xi and bounded q̂i : R+ → R
such that q̂i solves (1) for x̂i with initial condition q0i, Πi (x̂i, x−i|q0) is finite for all x−i ∈ X−i, and
Πi (x̂i, ϕ−i|q0) is finite for all ϕ−i ∈ Φ−i. If x ∈ X ∗ (q0) or if x = xϕ for some ϕ ∈ Φ∗ (q0), then
Πi (x|q0) is finite for all i ∈ N and

1

2

∫ ∞

0
e−rt

(
ηQ2 + βX2

)
dt ≤ 1

r

(
γ2

2η
+
α2

2β

)
−

n∑
i=1

Πi (x|q0) <∞ (23)
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Proof. Fix q0 ∈ Rn and i ∈ N . Let q̂i : R+ → R such that for all t ∈ R+

q̂i (t) =

{
q0i − t sgn (q0i) t < |q0i|
0 t ≥ |q0i|

(24)

Let x̂i ∈ Xi such that

x̂i (t) =

{
δq̂i (t)− sgn (q0i) if t < |q0i|
0 if t ≥ |q0i|

(25)

Then q̂i and x̂i are bounded, vanish after t = |q0i|, and satisfy ˙̂qi = x̂i − δq̂i with q̂i (0) = q0i, so q̂i
solves (1) for x̂i with initial condition q0i. Fix x−i ∈ X−i. The cash flow π̂i = zq̂i−px̂i vanishes after
t = |q0i| and, since x−i is locally square integrable and q−i is absolutely continuous, π̂i is integrable
on [0, |q0i|], so Πi (x̂i, x−i|q0) is finite. Since x−i was arbitrary, this holds for all x−i ∈ X−i. By
definition Πi (x̂i, ϕ−i|q0) = Πi (x|q0) where xi = x̂i and x−i (t) = ϕ−i (q (t)), so Πi (x̂i, ϕ−i|q0) is
finite. Now suppose x ∈ X ∗ (q0). For each i ∈ N , Πi (x|q0) ≥ Πi (x̂i, x−i|q0) > −∞, so the defining
limit exists. By the definitions of πi, z, and p,

∑n
i=1 πi = γQ − ηQ2 − αX − βX2. By Young’s

inequality, γQ ≤ γ2

2η + η
2Q

2 and −αX ≤ α2

2β + β
2X

2, so for all (q, x) ∈ Rn × Rn

∑
i∈N

πi ≤
γ2

2η
+
α2

2β
− η

2
Q2 − β

2
X2 (26)

Multiplying (26) by e−rt, integrating over [0, τ ], and letting τ → ∞, the induced path satisfies

n∑
i=1

Πi (x|q0) =
n∑
i=1

∫ ∞

0
e−rtπidt

≤ 1

r

(
γ2

2η
+
α2

2β

)
− 1

2

∫ ∞

0
e−rt

(
ηQ2 + βX2

)
dt (27)

Since Πi (x|q0) > −∞ for all i ∈ N , every term in (27) must be finite. Rearranging (27) obtains (23).
Finally, suppose ϕ ∈ Φ∗ (q0) and x = xϕ. For each i ∈ N , Πi

(
xϕ|q0

)
= Πi (ϕ|q0) ≥ Πi (x̂i, ϕ−i|q0) >

−∞, so the same argument obtains that Πi (x|q0) is finite for all i ∈ N and (23) holds.

Lemma 4. If x ∈ X ∗ (q0) then for all i ∈ N∫ ∞

0
e−rt

[
ηq2i + βx2i

]
dt <∞ (28)

Proof. Fix i ∈ N . By Lemma 3, Πi (x|q0) is finite. Let x̂i and q̂i be as in Lemma 3 and let
h = x̂i − xi. By Lemma 2, qi + ∆h is the path induced by (x̂i, x−i), so ∆h = q̂i − qi. Applying
Lemma 2 to h and 1

2h, where ∆h/2 = 1
2∆h, and subtracting one half of the first identity from the

second obtains

πi
(
1
2xi +

1
2 x̂i,

1
2qi +

1
2 q̂i

)
=

1

2
πi (xi, qi) +

1

2
πi (x̂i, q̂i) +

η

4
(q̂i − qi)

2 +
β

4
(x̂i − xi)

2 (29)

Multiply by e−rt and integrate over [0, τ ]. The first two terms converge as τ → ∞ and the remaining
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term is nondecreasing, so the limit exists in (−∞,∞]. Let x′ =
(
1
2xi +

1
2 x̂i, x−i

)
so

Πi
(
x′|q0

)
=

1

2
Πi (x|q0) +

1

2
Πi (x̂i, x−i|q0) +

1

4

∫ ∞

0
e−rt

[
η (q̂i − qi)

2 + β (x̂i − xi)
2
]
dt (30)

Since x ∈ X ∗ (q0), Πi (x′|q0) ≤ Πi (x|q0) <∞, so the integral is finite. Since x̂i and q̂i are bounded,
the triangle inequality in L2

(
e−rtdt

)
obtains the result.

Lemma 5. Let f : R+ → R be locally integrable, let G : R+ → R and T : R+ → R, and let
H : R+ → R+ be nondecreasing, such that for all τ ∈ R+∫ τ

0
e−rtf (t) dt = G (τ)− T (τ)−H (τ) (31)

Suppose G (τ) converges to a finite limit C as τ → ∞, there exist A ∈ R and c < 1 such that
−T (τ) ≤ A+ cH (τ) for all τ ∈ R+, and lim infτ→∞ T (τ) ≥ 0 if H is bounded. Then

lim sup
τ→∞

∫ τ

0
e−rtf (t) dt ≤ C (32)

Proof. Since H is nondecreasing, L = limτ→∞H (τ) exists in [0,∞]. Suppose L = ∞. Substituting
−T (τ) ≤ A + cH (τ) into (31) obtains

∫ τ
0 e

−rtf (t) dt ≤ G (τ) + A + (c− 1)H (τ) for all τ ∈ R+.
Since G (τ) → C, c − 1 < 0, and H (τ) → ∞, the right side diverges to −∞, which obtains (32).
Suppose L <∞. Since H ≥ 0, (31) obtains

∫ τ
0 e

−rtf (t) dt ≤ G (τ)− T (τ) for all τ ∈ R+, so taking
the limit superior obtains lim supτ→∞

∫ τ
0 e

−rtf (t) dt ≤ C − lim infτ→∞ T (τ) ≤ C.

Lemma 6. If x ∈ X ∗ (q0) then the integral in (33) converges absolutely and p (t) + βxi (t) = µi (t)

for all i ∈ N and almost all t ∈ R+.

µi (t) =

∫ ∞

t
e(r+δ)(t−s) [z (s)− ηqi (s)] ds (33)

Proof. Fix i ∈ N . Let f = z − ηqi and g = p + βxi. By Lemmas 3, 4, and the triangle inequality
in L2

(
e−rtdt

)
, f and g satisfy

∫∞
0 e−rtf2dt < ∞ and

∫∞
0 e−rtg2dt < ∞. By the Cauchy-Schwarz

inequality, for all t ∈ R+∫ ∞

t
e(r+δ)(t−s) |f (s)| ds ≤ e(r+δ)t

(∫ ∞

t
e−rsf (s)2 ds

) 1
2
(∫ ∞

t
e−(r+2δ)sds

) 1
2

= e
rt
2

(
1

r + 2δ

∫ ∞

t
e−rsf (s)2 ds

) 1
2

<∞ (34)

Hence µi converges absolutely. Since e−(r+δ)sf (s) is integrable on R+, µi is continuous. Let
h : R+ → R be bounded and measurable with compact support, so xi + εh ∈ Xi for all ε ∈ R.
Applying Lemma 2 to εh, where ∆εh = ε∆h, yields

πi (xi + εh, qi + ε∆h) = πi (xi, qi) + ε [f∆h − gh]− ε2
[
η∆2

h + βh2
]

(35)

Multiply by e−rt and integrate over [0, τ ]. As τ → ∞, the first term converges by Lemma 3.
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The second term converges absolutely by the Cauchy-Schwarz inequality because
∫∞
0 e−rtf2dt and∫∞

0 e−rtg2dt are finite and h and ∆h are bounded. The third term is nonincreasing, so the limit
exists in [−∞,∞) and

Πi (xi + εh, x−i|q0) = Πi (x|q0) + εL (h)− ε2K (h) (36)

where L (h) =
∫∞
0 e−rt [f∆h − gh] dt and K (h) =

∫∞
0 e−rt

[
η∆2

h + βh2
]
dt ∈ [0,∞). Since x ∈

X ∗ (q0), εL (h)− ε2K (h) ≤ 0 for all ε ∈ R. Dividing by ε and letting ε → 0+ and ε → 0− obtains
L (h) = 0. Since h has compact support and the inner integral is finite, the Fubini-Tonelli theorem
yields ∫ ∞

0
e−rtf (t)∆h (t) dt =

∫ ∞

0
e−rtf (t)

[∫ t

0
eδ(s−t)h (s) ds

]
dt

=

∫ ∞

0
e−rsh (s)

[∫ ∞

s
e(r+δ)(s−t)f (t) dt

]
ds

=

∫ ∞

0
e−rtµi (t)h (t) dt (37)

Hence L (h) =
∫∞
0 e−rt [µi (t)− g (t)]h (t) dt = 0. Taking h = sgn (µi − g)1[0,τ ] for each τ ∈ R+

obtains
∫ τ
0 e

−rt |µi (t)− g (t)| dt = 0, so µi = g almost everywhere.

Lemma 7. Let x∗ be the investment profile in Theorem 1, let q be the induced path, and let µi be
given by (33). For all i ∈ N and all t ∈ R+, qi (t) = ω + (q0i − ω) eκt and p (t) + βx∗i (t) = µi (t).

Proof. Differentiation verifies that qi (t) = ω + (q0i − ω) eκt satisfies qi (0) = q0i and q̇i = x∗i − δqi,
so it is the induced path. Hence Q = nω + (Q0 − nω) eκt and X = nδω + (δ + κ) (Q0 − nω) eκt,
where Q0 =

∑n
j=1 q0j . Let vi = (Q0 − nω) + (q0i − ω), so z − ηqi = γ − (n+ 1) ηω − ηvie

κt and
p+βx∗i = α+(n+ 1)βδω+β (δ + κ) vie

κt. Since r+δ−κ > 0 by Lemma 1, evaluating (33) obtains

µi (t) =
γ − (n+ 1) ηω

r + δ
− η

r + δ − κ
vie

κt

= α+ (n+ 1)βδω + β (δ + κ) vie
κt = p (t) + βx∗i (t) (38)

where the constant terms agree by (15) and the eκt terms agree by (14).

Lemma 8. For every initial endowment profile q0 ∈ Rn, x∗ ∈ X ∗ (q0).

Proof. Fix i ∈ N and x̂i ∈ Xi. Let h = x̂i − x∗i , f = z − ηqi, and g = p + βx∗i , where q

is the path induced by x∗. By Lemma 7, g = µi, and since κ < 0 the functions q, x∗, and
µi are bounded, so Πi (x

∗|q0) is finite. Since f is continuous, differentiating (33) obtains µ̇i =

(r + δ)µi− f . By Lemma 2, the deviation
(
x̂i, x

∗
−i
)

induces the path qi+∆h and (17) holds. Since
g = µi everywhere and ∆̇h = h − δ∆h almost everywhere, e−rtµi∆h is absolutely continuous with
derivative e−rt

[
µ̇i∆h + µi∆̇h − rµi∆h

]
= e−rt [gh− f∆h] almost everywhere. Since ∆h (0) = 0,

the fundamental theorem of calculus obtains∫ τ

0
e−rt [f∆h − gh] dt = −e−rτµi (τ)∆h (τ) (39)
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Let H (τ) =
∫ τ
0 e

−rt [η∆2
h + βh2

]
dt, which is nondecreasing with H (0) = 0. Multiplying (17) by

e−rt, integrating over [0, τ ], and substituting (39) obtains∫ τ

0
e−rtπi (x̂i, qi +∆h) dt =

∫ τ

0
e−rtπi (x

∗
i , qi) dt− e−rτµi (τ)∆h (τ)−H (τ) (40)

By the Cauchy–Schwarz inequality with weight e−δ(τ−s) and the bound e−rτe−δ(τ−s) ≤ e−rs,

e−rτ∆h (τ)
2 ≤ 1

δ

∫ τ

0
e−rsh (s)2 ds ≤ 1

βδ
H (τ) (41)

Let M = sups |µi (s)| and T (τ) = e−rτµi (τ)∆h (τ), so (41) obtains |T (τ)| ≤ e−
rτ
2 M

√
H (τ) / (βδ)

for all τ ∈ R+. By Young’s inequality, −T (τ) ≤M
√
H (τ) / (βδ) ≤ M2

2βδ+
H(τ)
2 , and if H is bounded

then T (τ) → 0 as τ → ∞. Since the first integral on the right side of (40) converges to Πi (x
∗|q0)

as τ → ∞, Lemma 5 obtains

lim sup
τ→∞

∫ τ

0
e−rtπi (x̂i, qi +∆h) dt ≤ Πi (x

∗|q0) (42)

Since Πi
(
x̂i, x

∗
−i|q0

)
equals the limit of the left side if the limit exists in the extended reals and

equals −∞ otherwise, (42) obtains Πi
(
x̂i, x

∗
−i|q0

)
≤ Πi (x

∗|q0). Hence x∗ ∈ X ∗ (q0) because i ∈ N

and x̂i ∈ Xi were arbitrary.

Lemma 9. If x ∈ X ∗ (q0) then x = x∗.

Proof. By Lemma 6, p + βxi = µi almost everywhere for all i ∈ N . Since z − ηqi is continuous,
differentiating (33) obtains µ̇i = (r + δ)µi − z + ηqi, so each µi is continuously differentiable. Let
X̃ =

[∑n
j=1 µj − nα

]
/ [(n+ 1)β], p̃ = α + βX̃, and x̃i = (µi − p̃) /β, which are continuously

differentiable. Then
∑n

j=1 x̃j =
[∑n

j=1 µj − np̃
]
/β = X̃, so p̃ = α + β

∑n
j=1 x̃j and p̃ + βx̃i =

µi by construction. Summing p + βxi = µi over i ∈ N and substituting p = α + βX obtains
nα+ (n+ 1)βX =

∑n
j=1 µj almost everywhere, so X = X̃, p = p̃, and xi = x̃i almost everywhere.

Hence x = x̃, so assume x is continuously differentiable with p + βxi = µi for all i ∈ N and
all t ∈ R+, so q is twice continuously differentiable. Differentiating the first order condition and
substituting µ̇i = (r + δ)µi − z + ηqi, p = α+ βX, and z = γ − ηQ obtains

βẊ + βẋi = (r + δ) (α+ βX + βxi)− γ + η (Q+ qi) (43)

Summing (43) over i ∈ N and dividing by n+ 1 obtains

βẊ = (r + δ)

(
nα

n+ 1
+ βX

)
− nγ

n+ 1
+ ηQ (44)

Subtracting (44) from (43) cancels X and Q and obtains

βẋi = (r + δ)

(
α

n+ 1
+ βxi

)
− γ

n+ 1
+ ηqi (45)
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Substituting xi = q̇i + δqi into (45) and rearranging obtains

q̈i − rq̇i −
[
δ (r + δ) +

η

β

]
qi =

α (r + δ)− γ

(n+ 1)β
(46)

By Lemma 1, the characteristic roots of (46) are κ and r − κ and, by (15), its constant particular
solution is ω, so qi = ω+c1e

κt+c2e
(r−κ)t for some constants c1 and c2. If c2 ̸= 0 then

∫∞
0 e−rtq2i dt =

∞ because 2 (r − κ) > r, contradicting Lemma 4, so c2 = 0. Since qi (0) = q0i, qi (t) = ω +

(q0i − ω) eκt, so xi = q̇i + δqi = x∗i . Since i ∈ N was arbitrary, x = x∗.

Proof of Theorem 1. By Lemma 8, x∗ ∈ X ∗ (q0) for every q0 ∈ Rn. By Lemma 9, every x ∈ X ∗ (q0)

equals x∗. Hence X ∗ (q0) = {x∗}.

Lemma 10. Let ϕ∗ be the strategy profile in Theorem 2. Then ϕ∗ ∈ Φ∗ (q0) for every q0 ∈ Rn, so
ϕ∗ ∈ Φ∗.

Proof. Fix q0 ∈ Rn, i ∈ N , and x̂i ∈ Xi. Since ϕ∗j (q) = δqj + κ (qj − ω) is independent of qi for
all j ̸= i, in the mixed closed loop problem the rival states satisfy q̇j = κ (qj − ω) regardless of x̂i,
so qj (t) = ω + (q0j − ω) eκt and xj (t) = ϕ∗j (q (t)) = x∗j (t) for all j ̸= i. Hence Πi

(
x̂i, ϕ

∗
−i|q0

)
=

Πi
(
x̂i, x

∗
−i|q0

)
. Taking x̂i = x∗i obtains xϕ∗ = x∗, so Πi (ϕ

∗|q0) = Πi (x
∗|q0). By Lemma 8,

Πi (ϕ
∗|q0) = Πi (x

∗|q0) ≥ Πi
(
x̂i, x

∗
−i|q0

)
= Πi

(
x̂i, ϕ

∗
−i|q0

)
(47)

so ϕ∗ ∈ Φ∗ (q0) because i ∈ N and x̂i ∈ Xi were arbitrary, and ϕ∗ ∈ Φ∗ because q0 ∈ Rn was
arbitrary.

Lemma 11. If ϕ ∈ Φ∗, then Vi (q0|ϕ) is a quadratic polynomial on Rn for all i ∈ N .

Proof. Since ϕ is affine, the closed loop system q̇ϕ = ϕ
(
qϕ
)
−δqϕ is linear with constant coefficients,

so qϕ (t) and xϕ (t) are affine in q0 with coefficients continuous in t. Hence πi (t) is a quadratic
polynomial in q0 for each t, and so is

V τ
i (q0|ϕ) =

∫ τ

0
e−rtπi (t) dt (48)

for each τ ∈ R+. By Lemma 3, Vi (q0|ϕ) = limτ→∞ V τ
i (q0|ϕ) exists and is finite for every q0 ∈ Rn.

Evaluating V τ
i at 0, at ±ek, and at ek + el for k, l ∈ N , expresses every coefficient of V τ

i as a linear
combination of finitely many values, each of which converges as τ → ∞. Hence the coefficients
converge and Vi is a quadratic polynomial.

Lemma 12. Let ϕ ∈ Φ∗. Fix i ∈ N , q0 ∈ Rn, and x̂i ∈ Xi. Let q and πi denote the state and
cash flow in the mixed closed loop problem (x̂i, ϕ−i). Then (49) holds for all τ ∈ R+, with equality
if x̂i (t) = ϕi (q (t)) for almost all t ∈ [0, τ ].∫ τ

0
e−rtπi (t) dt+ e−rτVi (q (τ) |ϕ) ≤ Vi (q0|ϕ) (49)

Proof. Let q̃ (t) = q (t) for t ∈ [0, τ ]. Let q̃ solve the fully closed loop system ˙̃q = ϕ(q̃) − δq̃ on
[τ,∞) with initial condition q̃ (τ) = q (τ). Let x̃i (t) = x̂i (t) for t ∈ [0, τ). Let x̃i (t) = ϕi(q̃ (t))
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for t ≥ τ . Then x̃i ∈ Xi because x̃i is locally square integrable on [0, τ) and continuous on
[τ,∞), and q̃ is the state in the mixed closed loop problem (x̃i, ϕ−i) by uniqueness of its solution,
because q̃ is continuous at τ and satisfies the mixed closed loop system on [0, τ ] and [τ,∞). Let
π̃i denote investor i’s cash flow in the mixed closed loop problem (x̃i, ϕ−i), so π̃i = πi on [0, τ ]

and π̃i is integrable on [0, τ ] because x̃ is locally square integrable and q̃ is absolutely continuous.
Since the fully closed loop system is autonomous, on [τ,∞) the pair (q̃, x̃) coincides with the fully
closed loop solution with initial endowment profile q (τ) shifted by τ , so the substitution s = t− τ

obtains
∫∞
τ e−rtπ̃i (t) dt = e−rτΠi (ϕ|q (τ)), which is finite by Lemma 11. Hence the limit defining

Πi (x̃i, ϕ−i|q0) exists and

Πi (x̃i, ϕ−i|q0) =
∫ τ

0
e−rtπi (t) dt+ e−rτVi (q (τ) |ϕ) (50)

Since ϕ ∈ Φ∗, ϕ ∈ Φ∗ (q0), so Πi (x̃i, ϕ−i|q0) ≤ Πi (ϕ|q0) = Vi (q0|ϕ), which obtains (49). If
x̂i (t) = ϕi (q (t)) for almost all t ∈ [0, τ ], then q satisfies the fully closed loop system on [0, τ ], so
q̃ = qϕ and x̃i = xϕi by uniqueness. Hence Πi (x̃i, ϕ−i|q0) = Πi (ϕ|q0) = Vi (q0|ϕ) and (50) obtains
(49) with equality.

Lemma 13. Let ϕ ∈ Φ∗ and fix i ∈ N and q ∈ Rn. For c ∈ R, let x ∈ Rn such that xi = c

and x−i = ϕ−i (q), and let πi be given by (2) evaluated at (x, q). Then (51) holds, with equality if
xi = c = ϕi (q), and (52) holds.

rVi (q|ϕ) ≥ πi +∇Vi (q|ϕ)⊺ (x− δq) (51)

α+ β

n∑
j=1

ϕj (q) + βϕi (q) =
∂Vi
∂qi

(q|ϕ) (52)

Proof. Let x̂i (t) = c for all t ∈ R+ and let q (t) and πi (t) denote the state and cash flow in the
mixed closed loop problem (x̂i, ϕ−i) with initial endowment profile q. Since x̂i is constant and ϕ−i
is affine, the state and the controls are continuous with q (0) = q, x (0) = x, and q̇ (0) = x − δq,
so πi (t) is continuous with πi (0) = πi. Since Vi is a quadratic polynomial by Lemma 11, the map
G (τ) = e−rτVi (q (τ) |ϕ) is differentiable at τ = 0 with G′ (0) = −rVi (q|ϕ) + ∇Vi (q|ϕ)⊺ (x− δq).
Rearranging (49) obtains, for all τ > 0

1

τ

∫ τ

0
e−rtπi (t) dt ≤

G (0)−G (τ)

τ
(53)

Letting τ → 0+, the left side of (53) converges to πi by continuity and the right side converges to
−G′ (0), which obtains (51). If c = ϕi (q), apply the same argument with x̂i = xϕi instead. Then
x̂i is continuous with x (0) = ϕ (q) = x, and (49) holds with equality for all τ by Lemma 12, so
the limit obtains (51) with equality. For c ∈ R, let x ∈ Rn such that xi = c and x−i = ϕ−i (q),
and let F (c) denote the right side of (51). Since z and Q do not depend on c, while xi = c and
p = α+ βc+ β

∑
j ̸=i ϕj (q), collecting the terms of F by powers of c obtains

F (c) =

∂Vi
∂qi

(q|ϕ)− α− β
∑
j ̸=i

ϕj (q)

 c− βc2 + C0 (54)
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where C0 does not depend on c. By the first part, F (c) ≤ rVi (q|ϕ) for all c ∈ R with equality at
c = ϕi (q), so F attains its maximum at ϕi (q). Since F is a strictly concave quadratic polynomial,
the first order condition F ′ (ϕi (q)) = 0 obtains 2βϕi (q) = ∂Vi

∂qi
(q|ϕ) − α − β

∑
j ̸=i ϕj (q), and

rearranging obtains (52), since
∑n

j=1 ϕj (q) = ϕi (q) +
∑

j ̸=i ϕj (q).

Lemma 14. A strategy profile ϕ ∈ Φ is symmetric if and only if there exist unique λ, ρ, σ ∈ R such
that (55) holds for all i ∈ N and all q ∈ Rn.

ϕi (q) = δqi + λ (qi − q̄) + ρq̄ + σ (55)

Proof. Suppose λ, ρ, σ ∈ R satisfy (55) for all i ∈ N and all q ∈ Rn. Since q̄ = 1
n1

⊺q, (55) is
equivalent to ϕ (q) = (δ + λ) q + 1

n (ρ− λ) (1⊺q)1 + σ1. Fix a permutation matrix P ∈ Rn×n and
q ∈ Rn. Since P and P ⊺ are permutation matrices, P1 = 1 and 1⊺P = 1⊺, so

Pϕ (q) = (δ + λ)Pq +
1

n
(ρ− λ) (1⊺q)P1+ σP1

= (δ + λ)Pq +
1

n
(ρ− λ) (1⊺Pq)1+ σ1 = ϕ (Pq) (56)

Hence ϕ is symmetric. Conversely, suppose ϕ is symmetric. Since each ϕi is affine, there is a unique
matrix M ∈ Rn×n and a unique vector b ∈ Rn such that ϕ (q) =Mq + b for all q ∈ Rn. Let P be a
permutation matrix. Evaluating Pϕ (q) = ϕ (Pq) at q = 0 obtains Pb = b, and subtracting obtains
PMq = MPq for all q ∈ Rn, so M = PMP ⊺ because P−1 = P ⊺. Fix i, j, k, l ∈ N with i ̸= j

and k ̸= l. Taking P with Pei = ek obtains e⊺kb = e⊺i b and e⊺kMek = (P ⊺ek)
⊺M (P ⊺ek) = e⊺iMei.

Taking P with Pei = ek and Pej = el obtains e⊺kMel = e⊺iMej . Hence there exist a, v, σ ∈ R such
that e⊺i b = σ and e⊺iMei = a for all i ∈ N , and e⊺iMej = v for all i, j ∈ N with i ̸= j. Hence for all
i ∈ N and all q ∈ Rn

ϕi (q) = aqi + v
∑
j ̸=i

qj + σ = (a− v) qi + nvq̄ + σ (57)

Let λ = a − v − δ and ρ = λ + nv. Substituting obtains (55). Finally, suppose (55) holds for
(λ, ρ, σ) and for (λ′, ρ′, σ′). Evaluating ϕ1 at q = 0 obtains σ = σ′. Evaluating ϕ1 at q = 1

obtains δ + ρ + σ = δ + ρ′ + σ′, so ρ = ρ′. Since n > 1, evaluating ϕ1 at q = e1 − e2 obtains
δ + λ+ σ = δ + λ′ + σ′, so λ = λ′.

Lemma 15. Let ϕ ∈ ΦS, let λ, ρ, and σ be given by Lemma 14, fix i ∈ N , x̂i ∈ Xi, and q0 ∈ Rn,
let q denote the state in the mixed closed loop problem (x̂i, ϕ−i), let q̄ = 1

n1
⊺q, and let g (t) =

x̂i (t)− ϕi (q (t)). Then (58) and (59) hold for almost all t ∈ R+.

d

dt
(qi − q̄) = λ (qi − q̄) +

n− 1

n
g (58)

˙̄q = ρq̄ + σ +
1

n
g (59)

Moreover, the fully closed loop path qϕ with initial endowment profile q0 satisfies (60) and (61) for
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all i ∈ N and all t ∈ R+, where q̄ϕ = 1
n1

⊺qϕ and q̄0 = 1
n1

⊺q0.

qϕi (t)− q̄ϕ (t) = (q0i − q̄0) e
λt (60)

˙̄qϕ (t) = ρq̄ϕ (t) + σ (61)

Proof. In the mixed closed loop problem, q̇i = x̂i − δqi and q̇j = ϕj (q) − δqj for all j ̸= i, for
almost all t ∈ R+. Rearranging (55) obtains ϕk (q) − δqk = λ (qk − q̄) + ρq̄ + σ for all k ∈ N , so
q̇k = λ (qk − q̄) + ρq̄ + σ for all k ̸= i and q̇i = λ (qi − q̄) + ρq̄ + σ + g. Since

∑n
k=1 (qk − q̄) = 0,

averaging these n equations obtains (59), and subtracting (59) from the equation for q̇i obtains (58).
Now fix j ∈ N and let x̂j (t) = ϕj

(
qϕ (t)

)
for all t ∈ R+, so x̂j ∈ Xj because ϕj is affine and qϕ

is continuous. Since qϕ satisfies the mixed closed loop system (x̂j , ϕ−j), the state of that problem
is qϕ by uniqueness of its solution, and g = x̂j − ϕj

(
qϕ
)
= 0. Hence (59) obtains (61) and, since

qϕj (0) − q̄ϕ (0) = q0j − q̄0, (60) is the unique solution of the linear initial value problem given by
(58) with g = 0. Since j ∈ N was arbitrary, (60) holds for all i ∈ N .

Lemma 16. If ϕ ∈ Φ∗
S then there is a unique quadratic polynomial u1 : R → R and a unique affine

function u2 : R → R such that (62) holds for all i ∈ N and all q0 ∈ Rn. Moreover, (63) holds for all
q0 ∈ Rn, where λ is given by Lemma 14 and z and p are evaluated along the fully closed loop path
with initial endowment profile q0.

Vi (q0|ϕ) = u1 (q̄0) + u2 (q̄0) (q0i − q̄0) (62)

u2 (q̄0) =

∫ ∞

0
e(λ−r)t [z − (δ + λ) p] dt (63)

Proof. Fix q0 ∈ Rn. Let λ, ρ, and σ be given by Lemma 14 and let qϕ and q̄ϕ be as in Lemma 15.
Substituting (60) into (55) obtains

xϕi = ϕi

(
qϕ
)
= (δ + ρ) q̄ϕ + σ + (δ + λ) (q0i − q̄0) e

λt (64)

Substituting (60) and (64) into (2) obtains

πi = zq̄ϕ − p
[
(δ + ρ) q̄ϕ + σ

]
+ (q0i − q̄0) e

λt [z − (δ + λ) p] (65)

Since
∑

i∈N (q0i − q̄0) = 0, summing over i ∈ N obtains Qϕ = nq̄ϕ and Xϕ = n (δ + ρ) q̄ϕ + nσ, so
z = γ − nηq̄ϕ and p = α+ nβ (δ + ρ) q̄ϕ + nβσ. For τ ∈ R+, let

g (τ) =

∫ τ

0
e−rt

(
zq̄ϕ − p

[
(δ + ρ) q̄ϕ + σ

])
dt (66)

h (τ) =

∫ τ

0
e(λ−r)t [z − (δ + λ) p] dt (67)

Multiplying (65) by e−rt and integrating over [0, τ ] obtains (68) for all i ∈ N and all τ ∈ R+.∫ τ

0
e−rtπi (t) dt = g (τ) + (q0i − q̄0)h (τ) (68)
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By (61) and uniqueness of solutions to the initial value problem, q̄ϕ is determined by q̄0, hence so
are z, p, g, and h. In particular, every initial endowment profile with mean q̄0 induces the same
g and h, so (68) holds for every such profile. Since ϕ ∈ Φ∗, Lemma 3 obtains that the left side of
(68) converges to a finite value for every initial endowment profile as τ → ∞. Evaluating (68) at
the profile q̄01 obtains g (τ) → Vi (q̄01|ϕ) for every i ∈ N , and in particular Vi (q̄01|ϕ) = V1 (q̄01|ϕ).
Evaluating (68) at the profile q̄01+e1−e2 with i = 1 obtains g (τ)+h (τ) → V1 (q̄01+ e1 − e2|ϕ). For
m ∈ R, let u1 (m) = V1 (m1|ϕ) and u2 (m) = V1 (m1+ e1 − e2|ϕ) − u1 (m), so g (τ) → u1 (q̄0) and
h (τ) → u2 (q̄0) as τ → ∞. Hence letting τ → ∞ in (68) obtains (62), and the limit h (τ) → u2 (q̄0)

obtains (63). Since q0 ∈ Rn was arbitrary, (62) and (63) hold for all i ∈ N and all q0 ∈ Rn. By
Lemma 11, V1 is a quadratic polynomial, so u1 is a quadratic polynomial. For (c,m) ∈ R2, the profile
m1+ c (e1 − e2) has mean m and first coordinate m+ c, so (62) obtains V1 (m1+ c (e1 − e2) |ϕ) =
u1 (m) + u2 (m) c. The left side is a quadratic polynomial in (c,m), so the coefficient of c is a
polynomial in m of degree at most one, so u2 is affine. Finally, suppose (62) holds for (u1, u2) and
for (ũ1, ũ2). Evaluating at q0 = m1 obtains u1 (m) = ũ1 (m), and evaluating at q0 = m1+ e1 − e2
with i = 1 obtains u2 (m) = ũ2 (m), for all m ∈ R.

Lemma 17. Let ϕ ∈ Φ∗
S. Let λ, ρ, and σ be given by Lemma 14. Let u1 and u2 be given by Lemma

16. Then (69) and (70) hold for all m ∈ R.

u′2 (m) = nβ (δ + λ) (69)

(n− 1)u2 (m) + u′1 (m) = nα+ n (n+ 1)β [(δ + ρ)m+ σ] (70)

Proof. Fix i ∈ N and q ∈ Rn. Since q̄ = 1
n1

⊺q, differentiating (62) with respect to qi obtains

∂Vi
∂qi

(q|ϕ) = 1

n
u′1 (q̄) +

1

n
u′2 (q̄) (qi − q̄) +

(
1− 1

n

)
u2 (q̄) (71)

Summing (55) over j ∈ N obtains
∑n

j=1 ϕj (q) = n (δ + ρ) q̄ + nσ, and rearranging (55) obtains
ϕi (q) = (δ + λ) (qi − q̄) + (δ + ρ) q̄ + σ. Substituting these and (71) into (52) obtains

α+ (n+ 1)β [(δ + ρ) q̄ + σ] + β (δ + λ) (qi − q̄)

=
1

n
u′1 (q̄) +

1

n
u′2 (q̄) (qi − q̄) +

(
1− 1

n

)
u2 (q̄) (72)

Fix v,m ∈ R. Since n > 1, the profile q = m1+ v (e1 − e2) has mean m and first coordinate m+ v,
so (72) holds with i = 1, q̄ = m, and qi − q̄ = v. Evaluating at v = 0 and multiplying by n obtains
(70). Subtracting the v = 0 case from the v = 1 case obtains β (δ + λ) = 1

nu
′
2 (m), which is (69).

Lemma 18. Let ϕ ∈ Φ∗
S, let λ, ρ, and σ be given by Lemma 14, and let u1 and u2 be given by

Lemma 16. Then (73) and (74) hold for all m ∈ R.

ru1 (m) = (γ − nηm)m− (α+ nβ [(δ + ρ)m+ σ]) [(δ + ρ)m+ σ] + u′1 (m) (ρm+ σ) (73)

(r − λ)u2 (m) = γ − nηm− (δ + λ) (α+ nβ [(δ + ρ)m+ σ]) + u′2 (m) (ρm+ σ) (74)

Proof. Fix i ∈ N and q ∈ Rn, and let q̄ = 1
n1

⊺q. Let qϕ be the fully closed loop path with
initial endowment profile q and let q̄ϕ = 1

n1
⊺qϕ. By (62) and (60), Vi

(
qϕ (t) |ϕ

)
= u1

(
q̄ϕ (t)

)
+
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u2
(
q̄ϕ (t)

)
(qi − q̄) eλt for all t ∈ R+. By Lemma 11, Vi is a quadratic polynomial, so differentiating

at t = 0 and substituting qϕ (0) = q, q̇ϕ (0) = ϕ (q)− δq, and (61) obtains

∇Vi (q|ϕ)⊺ [ϕ (q)− δq] = u′1 (q̄) (ρq̄ + σ) +
[
u′2 (q̄) (ρq̄ + σ) + λu2 (q̄)

]
(qi − q̄) (75)

Rearranging (55) obtains
ϕi (q) = (δ + ρ) q̄ + σ + (δ + λ) (qi − q̄) (76)

Substituting (76) into (2) at x = ϕ (q) obtains

πi = zq̄ − p [(δ + ρ) q̄ + σ] + (qi − q̄) [z − (δ + λ) p] (77)

By Lemma 13, (51) holds with equality at x = ϕ (q), so

rVi (q|ϕ) = πi +∇Vi (q|ϕ)⊺ (x− δq) (78)

Substituting (62) in obtains

ru1 (q̄) + ru2 (q̄) (qi − q̄) = πi +∇Vi (q|ϕ)⊺ (x− δq) (79)

Substituting (77) and (75) in obtains

ru1 (q̄) + ru2 (q̄) (qi − q̄)

= zq̄ − p [(δ + ρ) q̄ + σ] + u′1 (q̄) (ρq̄ + σ)

+ (qi − q̄)
[
z − (δ + λ) p+ u′2 (q̄) (ρq̄ + σ) + λu2 (q̄)

]
(80)

Fix v,m ∈ R. Since n > 1, the profile q = m1+ v (e1 − e2) has mean m and first coordinate m+ v.
Evaluating (80) with i = 1, q̄ = m, and qi − q̄ = v yields

ru1 (m) + ru2 (m) v

= zm− p [(δ + ρ)m+ σ] + u′1 (m) (ρm+ σ)

+ v
[
z − (δ + λ) p+ u′2 (m) (ρm+ σ) + λu2 (m)

]
(81)

Summing (55) over j ∈ N obtains
∑n

j=1 ϕj (q) = n (δ + ρ) q̄ + nσ. Since q̄ = m, evaluating z and p
at x = ϕ (q) obtains

z = γ − nηm (82)

p = α+ nβ [(δ + ρ)m+ σ] (83)

Evaluating (81) at v = 1 obtains

ru1 (m) + ru2 (m)

= zm− p [(δ + ρ)m+ σ] + u′1 (m) (ρm+ σ)

+
[
z − (δ + λ) p+ u′2 (m) (ρm+ σ) + λu2 (m)

]
(84)
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Evaluating (81) at v = 0 obtains

ru1 (m) = zm− p [(δ + ρ)m+ σ] + u′1 (m) (ρm+ σ) (85)

Subtracting (85) from (84) obtains

ru2 (m) =
[
z − (δ + λ) p+ u′2 (m) (ρm+ σ) + λu2 (m)

]
(86)

Substituting (82) and (83) into (85) obtains (73). Substituting (82) and (83) into (86) and rear-
ranging obtains (74).

Lemma 19. Let ϕ ∈ Φ∗
S and let λ and ρ be given by Lemma 14. Then R (λ) = 0 and (87) holds.

(ρ− λ) [(n+ 1) r − 2λ− 2nρ] = 0 (87)

Proof. Let σ be given by Lemma 14 and u1 and u2 be given by Lemma 16. By Lemmas 17 and 18,
substituting (69) into (74) obtains

(r − λ)u2 (m) = γ − nηm− (δ + λ) (α+ nβ [(δ + ρ)m+ σ]) + nβ (δ + λ) (ρm+ σ) (88)

Differentiating (88) with respect to m obtains

(r − λ)u′2 (m) = −nη − nβ (δ + λ) (δ + ρ) + nβ (δ + λ) ρ (89)

Substituting (69) into (89) obtains

(r − λ)nβ (δ + λ) = −nη − nβ (δ + λ) (δ + ρ) + nβ (δ + λ) ρ (90)

Dividing by n and rearranging obtains

η = −β (λ+ δ) (r + δ − λ) (91)

Hence R (λ) = 0 by (13). Differentiating (70) with respect to m obtains

(n− 1)u′2 (m) + u′′1 (m) = nβ (n+ 1) (δ + ρ) (92)

Substituting (69) into (92) obtains

u′′1 (m) = nβ [2δ + (n+ 1) ρ+ (1− n)λ] (93)

Since u1 (m) is a quadratic polynomial in m, differentiating (73) twice and rearranging obtains

(r − 2ρ)u′′1 (m) + 2n
[
η + β (δ + ρ)2

]
= 0 (94)

Substituting (93) and (91) into (94) obtains

(r − 2ρ)nβ [2δ + (n+ 1) ρ+ (1− n)λ] + 2nβ
[
(δ + ρ)2 − (λ+ δ) (r + δ − λ)

]
= 0 (95)
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Dividing by nβ, and rearranging obtains

2λ2 − 2nρ2 − nλr − λr + 2nλρ− 2λρ+ nρr + ρr = 0 (96)

Factoring this obtains (87).

Lemma 20. Let ϕ ∈ Φ∗
S. Let λ, ρ, and σ be given by Lemma 14. If ρ = λ then (97) holds.

(n+ 1)β (r − λ)σ = γ − α (r + δ) (97)

Proof. Let u1 and u2 be given by Lemma 16. By Lemma 18, evaluating (74) at m = 0 obtains

(r − λ)u2 (0) = γ − (δ + λ) (α+ nβσ) + σu′2 (0) (98)

Substituting (69) in obtains
(r − λ)u2 (0) = γ − α (δ + λ) (99)

By Lemma 17, differentiating (70) with respect to m obtains

(n− 1)u′2 (m) + u′′1 (m) = nβ (n+ 1) (δ + ρ) (100)

Substituting (69) and ρ = λ in obtains

u′′1 (m) = 2nβ (δ + λ) (101)

Differentiating (73), evaluating at m = 0, and substituting ρ = λ obtains

(r − λ)u′1 (0) = γ − α (δ + λ)− 2nβσ (δ + λ) + σu′′1 (0) (102)

Substituting (101) obtains
(r − λ)u′1 (0) = γ − α (δ + λ) (103)

Since R (r) = −η − βδ (r + δ) < 0 and R (λ) = 0 by Lemma 19, λ ̸= r. Hence u′1 (0) = u2 (0) by
(99) and (103). Evaluating (70) at m = 0 obtains

(n− 1)u2 (0) + u′1 (0) = nα+ n (n+ 1)βσ (104)

Substituting in u′1 (0) = u2 (0) obtains

u2 (0) = α+ (n+ 1)βσ (105)

Substituting (105) into (99) and rearranging obtains (97).

Lemma 21. Let ϕ ∈ Φ∗
S and let λ and ρ be given by Lemma 14. Then ρ < r

2 and λ+ ρ ≤ r.

Proof. Let σ be given by Lemma 14. Suppose ρ ≥ r
2 , so ρ > 0. Let qϕ and q̄ϕ be as in Lemma

15 with initial endowment profile
(
1− σ

ρ

)
1. Differentiation verifies that eρt − σ

ρ solves (61) with

initial value 1− σ
ρ , so q̄ϕ (t) = eρt− σ

ρ by uniqueness of solutions to the initial value problem. Since
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eρt → ∞ as t→ ∞, there exists T ∈ R+ such that q̄ϕ (t) ≥ 1
2e
ρt for all t ≥ T . Since Qϕ = nq̄ϕ and

2ρ− r ≥ 0 ∫ ∞

0
e−rtη

(
Qϕ

)2
dt ≥ ηn2

4

∫ ∞

T
e(2ρ−r)tdt = ∞ (106)

Since ϕ ∈ Φ∗, ϕ ∈ Φ∗
((

1− σ
ρ

)
1
)
, so Lemma 3 obtains

∫∞
0 e−rtη

(
Qϕ

)2
dt <∞, which contradicts

(106). Hence ρ < r
2 . Let u2 be given by Lemma 16. Fix m,m′ ∈ R. Let qϕ and q̄ϕ be as in Lemma

15 with initial endowment profile m1, and let q′ and q̄′ be the corresponding path and mean with
initial endowment profile m′1. By Lemma 19 and (13)

η = −β (λ+ δ) (r + δ − λ) (107)

Rearranging (107) obtains

− [η + β (δ + λ) (δ + ρ)] = β (δ + λ) (r − λ− ρ) (108)

Summing (55) over j ∈ N obtains Qϕ = nq̄ϕ and Xϕ = n (δ + ρ) q̄ϕ + nσ, so

z = γ − nηq̄ϕ (109)

p = α+ nβ
[
(δ + ρ) q̄ϕ + σ

]
(110)

Combining (109) and (110) obtains

z − (δ + λ) p = γ − (δ + λ) (α+ nβσ)− n [η + β (δ + λ) (δ + ρ)] q̄ϕ (111)

Combining (111) with (108) obtains

z − (δ + λ) p = γ − (δ + λ) (α+ nβσ) + nβ (δ + λ) (r − λ− ρ) q̄ϕ (112)

Substituting (112) into (63) obtains

u2 (m) =

∫ ∞

0
e(λ−r)t

[
γ − (δ + λ) (α+ nβσ) + nβ (δ + λ) (r − λ− ρ) q̄ϕ (t)

]
dt (113)

The same computation with initial endowment profile m′1 obtains (113) with m′ and q̄′ in place
of m and q̄ϕ. By (61), d

dt

(
q̄ϕ − q̄′

)
= ρ

(
q̄ϕ − q̄′

)
and q̄ϕ (0) − q̄′ (0) = m −m′, so by uniqueness of

solutions to the initial value problem

q̄ϕ (t)− q̄′ (t) =
(
m−m′) eρt (114)

By Lemma 16, the integrals defining both u2 (m) and u2 (m′) converge. Subtracting and substituting
(114) in obtains

u2 (m)− u2
(
m′) = ∫ ∞

0
nβ (δ + λ) (r − λ− ρ)

(
m−m′) e(λ+ρ−r)tdt (115)

Suppose λ + ρ > r. Evaluating (11) obtains R (−δ) = −η < 0, and R (λ) = 0 by Lemma 19, so
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δ + λ ̸= 0. Taking m = 1 and m′ = 0, the integrand in (115) is a nonzero constant multiple of
e(λ+ρ−r)t, so the integral in (115) diverges because λ + ρ − r > 0, contradicting the finiteness of
u2 (1)− u2 (0). Hence λ+ ρ ≤ r.

Lemma 22. Let ϕ∗ be the strategy profile in Theorem 2. If ϕ ∈ Φ∗
S then ϕ = ϕ∗.

Proof. Let λ, ρ, and σ be given by Lemma 14. By Lemma 19, R (λ) = 0, so λ = κ or λ = r − κ

by (12). Suppose λ = r − κ. By (87), ρ = λ or 2nρ = (n+ 1) r − 2λ. If ρ = λ then λ + ρ − r =

r − 2κ > 0 because κ < 0 < r by Lemma 1. If 2nρ = (n+ 1) r − 2λ then 2nρ = (n− 1) r + 2κ,
so λ + ρ − r = ρ − κ = (n−1)(r−2κ)

2n > 0 because n > 1. Either case contradicts Lemma 21, so
λ = κ. By (87), ρ = κ or 2nρ = (n+ 1) r − 2κ. If 2nρ = (n+ 1) r − 2κ then ρ − r

2 = r−2κ
2n > 0,

contradicting Lemma 21, so ρ = κ. Since ρ = λ, Lemma 20 obtains (97). Combining (16) with (97)
obtains (n+ 1)β (r − κ)σ = − (n+ 1)βκ (r − κ)ω. Since r − κ > 0 by Lemma 1, dividing both
sides by (n+ 1)β (r − κ) obtains σ = −κω. Substituting (λ, ρ, σ) = (κ, κ,−κω) into (55) obtains,
for all i ∈ N and all q ∈ Rn,

ϕi (q) = δqi + κ (qi − q̄) + κq̄ − κω = δqi + κ (qi − ω) = ϕ∗i (q) (116)

Hence ϕ = ϕ∗.

Proof of Theorem 2. Since each ϕ∗i is affine, ϕ∗ ∈ Φ. Since ϕ∗i (q) = δqi + κ (qi − ω) = δqi +

κ (qi − q̄) + κq̄ − κω for all i ∈ N and all q ∈ Rn, Lemma 14 obtains ϕ∗ ∈ ΦS . By Lemma 10,
ϕ∗ ∈ Φ∗, so ϕ∗ ∈ Φ∗

S . By Lemma 22, every ϕ ∈ Φ∗
S equals ϕ∗. Hence Φ∗

S = {ϕ∗}.

Lemma 23. Let ψ be the strategy profile in Theorem 3. Then (117) holds for all i ∈ N and all
q ∈ Rn, ψ ∈ ΦS, and the constants given by Lemma 14 are λ = r

2 , ρ = κ, and σ = −κω̂.

ψi (q) = δqi +
r

2
(qi − q̄) + κq̄ − κω̂ (117)

Moreover, for every i ∈ N , x̂i ∈ Xi, and q0 ∈ Rn, the state q in the mixed closed loop problem
(x̂i, ψ−i) satisfies (118) and (119) for almost all t ∈ R+, where q̄ = 1

n1
⊺q.

d

dt
(qi − q̄) =

r

2
(qi − q̄) +

n− 1

n
[x̂i − ψi (q)] (118)

d

dt
(q̄ − ω̂) = κ (q̄ − ω̂) +

1

n
[x̂i − ψi (q)] (119)

Proof. Rearranging κ (q̄ − ω̂) = κq̄ − κω̂ in the display in Theorem 3 obtains (117). Since each ψi
is affine, ψ ∈ Φ. Since (117) is (55) with (λ, ρ, σ) =

(
r
2 , κ,−κω̂

)
, Lemma 14 obtains ψ ∈ ΦS and, by

uniqueness, λ = r
2 , ρ = κ, and σ = −κω̂. By Lemma 15, (58) and (59) hold for almost all t ∈ R+.

Substituting λ = r
2 into (58) obtains (118). Since ω̂ is constant, substituting ρ = κ and σ = −κω̂

into (59) obtains (119).

Lemma 24. Let ω̂ be given by Theorem 3. There is a unique quadratic polynomial u3 : R → R, a
unique affine function u4 : R → R, and a unique c5 ∈ R such that (120)–(125) hold for all m ∈ R.
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For i ∈ N , let Wi : Rn → R be given by (126).

c5 =
nβ (r − 2κ)

4 (n− 1)
(120)

u′4 (m) = nβ (δ + κ) (121)

u′′3 (m) = 2nβ (δ + κ) (122)
r

2
u4 (0) = γ − nηω̂ − (α+ nβδω̂)

(
δ +

r

2

)
(123)

(r − κ)u′3 (0) = γ − 2nηω̂ − (δ + κ) (α+ 2nβδω̂) (124)

ru3 (0) = (γ − nηω̂) ω̂ − (α+ nβδω̂) δω̂ (125)

Wi (q) = u3 (q̄ − ω̂) + u4 (q̄ − ω̂) (qi − q̄) + c5 (qi − q̄)2 (126)

Proof. An affine function is uniquely determined by its derivative and its value at zero, and a
quadratic polynomial is uniquely determined by its second derivative, the value of its derivative at
zero, and its value at zero. Since r > 0 and r−κ > 0 by Lemma 1, (123), (124), and (125) determine
u4 (0), u′3 (0), and u3 (0).

Lemma 25. Let ψ be the strategy profile in Theorem 3 and let u3, u4, c5, and Wi be given by
Lemma 24. Then (127) holds for all i ∈ N , all q ∈ Rn, and all c ∈ R, where x ∈ Rn satisfies xi = c

and x−i = ψ−i (q) and πi is given by (2) evaluated at (x, q).

rWi (q) = πi +∇Wi (q)
⊺ (x− δq) + β (c− ψi (q))

2 (127)

Proof. Fix i ∈ N , q ∈ Rn, and c ∈ R, and let x and πi be as in the statement. Let v = qi − q̄,
y = q̄ − ω̂, and g = c− ψi (q), so qi = ω̂ + y + v. By (126)

Wi (q) = u3 (y) + u4 (y) v + c5v
2 (128)

Substituting the definitions of v and y into (117) obtains

ψi (q) = δ (ω̂ + y + v) +
r

2
v + κy (129)

Summing (117) over j ∈ N obtains
∑n

j=1 ψj (q) = n (δ + κ) q̄ − nκω̂, so the aggregate quantity is
given by Q = nq̄ = n (ω̂ + y) and the aggregate purchase rate is given by

X = c+
∑
j ̸=i

ψj (q)

= [g + ψi (q)] + [n (δ + κ) q̄ − nκω̂ − ψi (q)]

= g + nδω̂ + n (δ + κ) y (130)

Evaluating z and p at (x, q) and substituting into (2) obtains

πi = [γ − nη (ω̂ + y)] (ω̂ + y + v)− [α+ nβδω̂ + nβ (δ + κ) y + βg] [g + ψi (q)] (131)

Let x̂i (t) = c for all t ∈ R+ and let q (t) denote the state in the mixed closed loop problem
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(x̂i, ψ−i) with initial endowment profile q. Since x̂i is constant and ψ−i is affine, q (t) is continuously
differentiable with q (0) = q and q̇ (0) = x− δq, so (118) and (119) hold at t = 0 by Lemma 23 and
continuity. By (126), differentiating Wi (q (t)) at t = 0 and substituting (118) and (119) obtains

∇Wi (q)
⊺ (x− δq) = [u4 (q̄ − ω̂) + 2c5 (qi − q̄)]

[
r

2
(qi − q̄) +

n− 1

n
(c− ψi (q))

]
+
[
u′3 (q̄ − ω̂) + u′4 (q̄ − ω̂) (qi − q̄)

] [
κ (q̄ − ω̂) +

1

n
(c− ψi (q))

]
(132)

Substituting (128), (131), and (132) into (127) obtains

r
[
u3 (y) + u4 (y) v + c5v

2
]

= [γ − nη (ω̂ + y)] (ω̂ + y + v)

− [α+ nβδω̂ + nβ (δ + κ) y + βg] [g + ψi (q)]

+ [u4 (y) + 2c5v]

[
r

2
v +

n− 1

n
g

]
+
[
u′3 (y) + u′4 (y) v

] [
κy +

1

n
g

]
+ βg2 (133)

Both sides of (133) are quadratic polynomials in g. Differentiating (133) with respect to g obtains

0 = −β [g + ψi (q)]− [α+ nβδω̂ + nβ (δ + κ) y + βg]

+
n− 1

n
[u4 (y) + 2c5v] +

1

n

[
u′3 (y) + u′4 (y) v

]
+ 2βg (134)

Differentiating (134) with respect to g obtains 0 = −2β+2β, so the second derivatives of both sides
of (133) coincide. Evaluating (134) at g = 0, multiplying by n, and rearranging obtains

(n− 1)u4 (y) + u′3 (y) +
[
2 (n− 1) c5 + u′4 (y)

]
v

= n [α+ nβδω̂ + nβ (δ + κ) y] + nβψi (q) (135)

Substituting (129) into (135) obtains

(n− 1)u4 (y) + u′3 (y) +
[
2 (n− 1) c5 + u′4 (y)

]
v

= n [α+ nβδω̂ + nβ (δ + κ) y] + nβ
[
δ (ω̂ + y + v) +

r

2
v + κy

]
(136)

which is (137) with m = y, where

(n− 1)u4 (m) + u′3 (m) +
[
2 (n− 1) c5 + u′4 (m)

]
v

= n [α+ (n+ 1)βδω̂] + n (n+ 1)β (δ + κ)m+ nβ
(
δ +

r

2

)
v (137)
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Evaluating (133) at g = 0 obtains

r
[
u3 (y) + u4 (y) v + c5v

2
]

= [γ − nη (ω̂ + y)] (ω̂ + y + v)

− [α+ nβδω̂ + nβ (δ + κ) y]ψi (q)

+ [u4 (y) + 2c5v]
r

2
v +

[
u′3 (y) + u′4 (y) v

]
κy (138)

Substituting (129) into (138) obtains (139) with m = y, where

r
[
u3 (m) + u4 (m) v + c5v

2
]

= [γ − nη (ω̂ +m)] (ω̂ +m+ v)

− [α+ nβδω̂ + nβ (δ + κ)m]
[
δ (ω̂ +m+ v) +

r

2
v + κm

]
+ [u4 (m) + 2c5v]

r

2
v +

[
u′3 (m) + u′4 (m) v

]
κm (139)

Since both sides of (133) are quadratic in g with equal second derivatives, it therefore suffices to show
that (137) and (139) hold for all (v,m) ∈ R2. Both sides of (137) are affine in (v,m). Differentiating
(137) with respect to v and substituting (120) and (121) obtains

nβ (r − 2κ)

2
+ nβ (δ + κ) = nβ

(
δ +

r

2

)
(140)

Differentiating (137) with respect to m and substituting (121) and (122) obtains

(n− 1)nβ (δ + κ) + 2nβ (δ + κ) = n (n+ 1)β (δ + κ) (141)

and both hold by direct computation. It remains to show that the values of both sides of (137) at
(v,m) = (0, 0) coincide, that is

(n− 1)u4 (0) + u′3 (0) = nα+ n (n+ 1)βδω̂ (142)

Rearranging (123) obtains

r

2
u4 (0) = γ − α

(
δ +

r

2

)
− n

[
η + βδ

(
δ +

r

2

)]
ω̂

= γ − α (r + δ) +
αr

2
− n

[
η + βδ

(
δ +

r

2

)]
ω̂ (143)

Rearranging (14) obtains

η + βδ
(
δ +

r

2

)
= β

[
κ (κ− r)− δr

2

]
(144)

Substituting (144) and (16) into (143) and multiplying by 2 obtains

ru4 (0) = αr + 2 (n+ 1)βκ (κ− r)ω + nβ [δr − 2κ (κ− r)] ω̂ (145)
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Rearranging (124) obtains

(r − κ)u′3 (0) = γ − α (δ + κ)− 2n [η + βδ (δ + κ)] ω̂

= γ − α (r + δ) + α (r − κ)− 2n [η + βδ (δ + κ)] ω̂ (146)

Rearranging (14) obtains
η + βδ (δ + κ) = β (δ + κ) (κ− r) (147)

Substituting (147) and (16) into (146) obtains

(r − κ)u′3 (0) = α (r − κ) + (n+ 1)βκ (κ− r)ω + 2nβ (δ + κ) (r − κ) ω̂ (148)

Since r − κ > 0 by Lemma 1, dividing (148) by r − κ obtains

u′3 (0) = α− (n+ 1)βκω + 2nβ (δ + κ) ω̂ (149)

Multiplying (145) by n− 1, multiplying (149) by r, and adding obtains

r
[
(n− 1)u4 (0) + u′3 (0)

]
= (n− 1)αr + αr

+ 2 (n− 1) (n+ 1)βκ (κ− r)ω − (n+ 1)βκrω

+ n (n− 1)β [δr − 2κ (κ− r)] ω̂ + 2nβ (δ + κ) rω̂ (150)

Rearranging the second line of (150) yields

2 (n− 1) (n+ 1)βκ (κ− r)ω − (n+ 1)βκrω

= (n+ 1) [2 (n− 1) (κ− r)− r]βκω

= − (n+ 1) [(2n− 1) r − 2 (n− 1)κ]βκω (151)

Expanding the left side and collecting terms obtains

(n− 1) [δr − 2κ (κ− r)] + 2r (δ + κ) = (n+ 1) δr + 2κ [nr − (n− 1)κ] (152)

Multiplying (152) by nβω̂ obtains

n (n− 1)β [δr − 2κ (κ− r)] ω̂ + 2nβ (δ + κ) rω̂

= n (n+ 1)βδrω̂ + 2nβκ [nr − (n− 1)κ] ω̂ (153)

Multiplying the definition of ω̂ in Theorem 3 by n [2nr − 2 (n− 1)κ] obtains

2n [nr − (n− 1)κ] ω̂ = (n+ 1) [(2n− 1) r − 2 (n− 1)κ]ω (154)

Multiplying (154) by βκ obtains

2nβκ [nr − (n− 1)κ] ω̂ = (n+ 1) [(2n− 1) r − 2 (n− 1)κ]βκω (155)
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Substituting (155) into (153) produces

n (n− 1)β [δr − 2κ (κ− r)] ω̂ + 2nβ (δ + κ) rω̂

= n (n+ 1)βδrω̂ + (n+ 1) [(2n− 1) r − 2 (n− 1)κ]βκω (156)

Substituting (151) and (156) into (150), the ω terms cancel and (n− 1)αr + αr = nαr, obtaining

r
[
(n− 1)u4 (0) + u′3 (0)

]
= nαr + n (n+ 1)βδrω̂ (157)

Dividing (157) by r obtains (142). Since both sides of (137) are affine with equal derivatives and
equal values at (0, 0), (137) holds for all (v,m) ∈ R2. Both sides of (139) are quadratic polynomials
in (v,m). Differentiating (139) once with respect to v obtains

ru4 (m) + 2rc5v

= γ − nη (ω̂ +m)

− [α+ nβδω̂ + nβ (δ + κ)m]
[
δ +

r

2

]
+
r

2
u4 (m) + 2rc5v + κmu′4 (m) (158)

Differentiating (139) twice with respect to v obtains 2rc5 on both sides. Differentiating (158) with
respect to m and substituting (121) obtains

rnβ (δ + κ) = −nη − nβ (δ + κ)
(
δ +

r

2

)
+
(r
2
+ κ

)
nβ (δ + κ) (159)

which rearranges to β (δ + κ) (r + δ − κ) = −η and holds by (14). Differentiating (139) once with
respect to m obtains

ru′3 (m) + rvu′4 (m)

= [γ − nη (ω̂ +m)]− nη (ω̂ +m+ v)

−nβ (δ + κ)
[
δ (ω̂ +m+ v) +

r

2
v + κm

]
− [α+ nβδω̂ + nβ (δ + κ)m] [δ + κ]

+
rv

2
u′4 (m) + κmu′′3 (m) + κu′3 (m) + κvu′4 (m) (160)

Differentiating (160) with respect to m and substituting (122) obtains

2rnβ (δ + κ) = −2nη − 2nβ (δ + κ)2 + 4κnβ (δ + κ) (161)

which also rearranges to β (δ + κ) (r + δ − κ) = −η and holds by (14). Evaluating (158) at
(v,m) = (0, 0) and rearranging obtains (123). Evaluating (160) at (v,m) = (0, 0) and rearranging
obtains (124). Evaluating (139) at (v,m) = (0, 0) and rearranging obtains (125). Since the second
derivatives, the first derivatives at (0, 0), and the values at (0, 0) of both sides coincide, (139) holds
for all (v,m) ∈ R2. Since both sides of (133) are quadratic in g with equal second derivatives, equal
first derivatives at g = 0, and equal values at g = 0, (133) holds for all (v, y, g) ∈ R3, which obtains
(127).
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Lemma 26. Let ψ be the strategy profile in Theorem 3 and let u3, u4, c5, and Wi be given by
Lemma 24. Fix i ∈ N , x̂i ∈ Xi, and q0 ∈ Rn, and let q and πi denote the state and cash flow in the
mixed closed loop problem (x̂i, ψ−i). Then (163) holds for all τ ∈ R+, where H : R+ → R+ is given
by (162).

H (τ) =

∫ τ

0
e−rtβ [x̂i − ψi (q)]

2 dt (162)∫ τ

0
e−rtπidt =Wi (q0)− e−rτWi (q (τ))−H (τ) (163)

Proof. In the mixed closed loop problem, q (0) = q0 and q̇ = x − δq for almost all t ∈ R+, where
x (t) ∈ Rn satisfies xi (t) = x̂i (t) and x−i (t) = ψ−i (q (t)). Since πi is given by (2) evaluated at
(x (t) , q (t)), applying Lemma 25 with c = x̂i (t) obtains, for almost all t ∈ R+

rWi (q (t)) = πi +∇Wi (q (t))
⊺ [x (t)− δq (t)] + β [x̂i − ψi (q)]

2 (164)

Since Wi is a quadratic polynomial and q is absolutely continuous, e−rtWi (q (t)) is absolutely
continuous. Differentiating e−rtWi (q (t)) obtains, for almost all t ∈ R+

d

dt

[
e−rtWi (q (t))

]
= e−rt∇Wi (q (t))

⊺ q̇ (t)− re−rtWi (q (t)) (165)

Substituting q̇ = x− δq and (164) into (165) obtains, for almost all t ∈ R+

d

dt

[
e−rtWi (q (t))

]
= −e−rtπi − e−rtβ [x̂i − ψi (q)]

2 (166)

Since x̂i is locally square-integrable and q is continuous, πi and β [x̂i − ψi (q)]
2 are locally integrable.

By the fundamental theorem of calculus, integrating (166) over [0, τ ] obtains

e−rτWi (q (τ))−Wi (q0) = −
∫ τ

0
e−rtπidt−H (τ) (167)

Rearranging (167) obtains (163).

Lemma 27. Let ψ be the strategy profile in Theorem 3 and let u3, u4, c5, and Wi be given by
Lemma 24. Fix q0 ∈ Rn and let q̄0 = 1

n1
⊺q0. Then (168) holds for all i ∈ N .

Vi (q0|ψ) =Wi (q0)− c5 (q0i − q̄0)
2 (168)

Proof. Fix i ∈ N , let qψ denote the fully closed loop path with initial endowment profile q0, and let
q̄ψ (t) = 1

n1
⊺qψ (t). By Lemma 23, Lemma 15 obtains, for all i ∈ N and all t ∈ R+,

qψi (t)− q̄ψ (t) = (q0i − q̄0) e
rt/2 (169)

˙̄qψ (t) = κq̄ψ (t)− κω̂ (170)

By (170), e−κt
[
q̄ψ (t)− ω̂

]
is continuously differentiable with derivative e−κt

[
˙̄qψ (t)− κq̄ψ (t) + κω̂

]
=
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0, so the fundamental theorem of calculus obtains

q̄ψ (t)− ω̂ = (q̄0 − ω̂) eκt (171)

Evaluating (126) at qψ (t), substituting (169) and (171), and multiplying by e−rt obtains

e−rtWi

(
qψ (t)

)
= e−rtu3

(
(q̄0 − ω̂) eκt

)
+ e−rt/2u4

(
(q̄0 − ω̂) eκt

)
(q0i − q̄0)

+ c5 (q0i − q̄0)
2 (172)

Since κ < 0 by Lemma 1 and u3 and u4 are continuous, u3
(
(q̄0 − ω̂) eκt

)
and u4

(
(q̄0 − ω̂) eκt

)
converge as t → ∞. Since r > 0, the first two terms on the right side of (172) converge to 0 as
t→ ∞, so

lim
τ→∞

e−rτWi

(
qψ (τ)

)
= c5 (q0i − q̄0)

2 (173)

Let xψ (t) = ψ
(
qψ (t)

)
. Since ψi is affine and qψ is continuous, xψi ∈ Xi. Let q and πi denote

the state and cash flow in the mixed closed loop problem
(
xψi , ψ−i

)
. Since xψi (t) = ψi

(
qψ (t)

)
, qψ

satisfies the mixed closed loop system, so q = qψ by uniqueness, and πi is given by (2) evaluated at(
xψ (t) , qψ (t)

)
. Since xψi (t) = ψi (q (t)) for all t ∈ R+, (162) obtains H (τ) = 0 for all τ ∈ R+. By

Lemma 26, substituting H (τ) = 0 and q = qψ into (163) obtains, for all τ ∈ R+,∫ τ

0
e−rtπidt =Wi (q0)− e−rτWi

(
qψ (τ)

)
(174)

By (173), letting τ → ∞ in (174) obtains

lim
τ→∞

∫ τ

0
e−rtπidt =Wi (q0)− c5 (q0i − q̄0)

2 (175)

Since the limit in (175) exists, Πi
(
xψ|q0

)
= Wi (q0) − c5 (q0i − q̄0)

2. Substituting Vi (q0|ψ) =

Πi (ψ|q0) = Πi
(
xψ|q0

)
obtains (168).

Lemma 28. Let ω̂ be given by Theorem 3 and let u3, u4, c5, and Wi be given by Lemma 24. There
exist K1,K2 ∈ R such that (176) holds and (177) holds for all i ∈ N and all q ∈ Rn.

0 < 2K1 < n2β (r − 2κ) (176)

Wi (q) ≥ −K1 (q̄ − ω̂)2 −K2 (177)

Proof. Since κ < 0 < r by Lemma 1 and n > 1, (120) obtains c5 > 0. Let f : R → R such that, for
all y ∈ R

f (y) = u3 (y)−
u4 (y)

2

4c5
(178)

Fix i ∈ N and q ∈ Rn, and let v = qi− q̄ and y = q̄− ω̂, so (126) obtains Wi (q) = u3 (y)+u4 (y) v+

c5v
2. Since c5 > 0, completing the square obtains

Wi (q) = f (y) + c5

[
v +

u4 (y)

2c5

]2
≥ f (y) (179)
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Since u3 is a quadratic polynomial and u4 is affine, f is a quadratic polynomial. Differentiating f
twice obtains

f ′′ (y) = u′′3 (y)−
u′4 (y)

2

2c5
(180)

Substituting (122), (121), and (120) into (180) obtains

f ′′ (y) = 2nβ (δ + κ)− 1

2

[
4 (n− 1)

nβ (r − 2κ)

]
[nβ (δ + κ)]2

= 2nβ (δ + κ)− 2n (n− 1)β (δ + κ)2

r − 2κ

=
2nβ (δ + κ)

r − 2κ
[r − (n− 1) δ − (n+ 1)κ] (181)

Since κ < −δ < 0 by Lemma 1, δ+κ < 0 and − (n+ 1)κ > (n+ 1) δ, so r− (n− 1) δ− (n+ 1)κ >

r + 2δ > 0. Since r − 2κ > 0, (181) obtains f ′′ (y) < 0 for all y ∈ R. Moreover, expanding and
collecting terms obtains

n (r − 2κ)2 + 2 (δ + κ) [r − (n− 1) δ − (n+ 1)κ]

= 2 (n− 1)
(
κ2 − δ2

)
− 4nδκ− 2 (2n− 1)κr + 2δr + nr2 (182)

Since κ < −δ < 0 and n > 1, every term on the right side of (182) is positive, so

n (r − 2κ)2 + 2 (δ + κ) [r − (n− 1) δ − (n+ 1)κ] > 0 (183)

Multiplying (183) by nβ
r−2κ , which is positive since κ < 0, obtains

n2β (r − 2κ) +
2nβ (δ + κ)

r − 2κ
[r − (n− 1) δ − (n+ 1)κ] > 0 (184)

Substituting (181) into (184) obtains

n2β (r − 2κ) + f ′′ (y) > 0 (185)

Since f is a quadratic polynomial, f ′′ is constant. Let ε =
[
n2β (r − 2κ) + f ′′ (0)

]
/4, K1 = ε −

f ′′ (0) /2, and K2 = f ′ (0)2 / (4ε)− f (0). By (185), ε > 0 and f ′′ (0) > −n2β (r − 2κ), so

2K1 = 2ε− f ′′ (0) =
n2β (r − 2κ)− f ′′ (0)

2
< n2β (r − 2κ) (186)

Since f ′′ (0) < 0 and ε > 0, K1 > 0. This obtains (176). Since (2εy + f ′ (0))2 ≥ 0 and ε > 0,

f ′ (0) y ≥ −εy2 − f ′ (0)2

4ε
(187)

Since f is a quadratic polynomial,

f (y) = f (0) + f ′ (0) y + f ′′ (0) y2/2 (188)
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Substituting (187) into (188) obtains

f (y) ≥ f (0) +

[
f ′′ (0)

2
− ε

]
y2 − f ′ (0)2

4ε
= −K1y

2 −K2 (189)

Combining (179) and (189) obtains (177) because y = q̄−ω̂ and i ∈ N and q ∈ Rn were arbitrary.

Lemma 29. Let ψ be the strategy profile in Theorem 3. Fix i ∈ N , x̂i ∈ Xi, and q0 ∈ Rn, let q
denote the state in the mixed closed loop problem (x̂i, ψ−i), and let H be given by (162). Then (190)
holds for all τ ∈ R+. If H is bounded, then (191) holds.

e−rτ [q̄ (τ)− ω̂]2 ≤ 2 [q̄ (0)− ω̂]2 +
2H (τ)

n2β (r − 2κ)
(190)

lim
τ→∞

e−rτ [q̄ (τ)− ω̂]2 = 0 (191)

Proof. Let g (t) = x̂i (t)− ψi (q (t)) for all t ∈ R+, and fix τ, T ∈ R+ with τ ≤ T . Since 2κ− r < 0,∫ T

τ
e(2κ−r)(T−s)ds =

1− e(2κ−r)(T−τ)

r − 2κ
≤ 1

r − 2κ
(192)

By (162), integrating e−rsg (s)2 over [τ, T ] obtains∫ T

τ
e−rsg (s)2 ds =

H (T )−H (τ)

β
(193)

Since eκ(T−s)e−rT/2 = e(κ−r/2)(T−s)e−rs/2, the Cauchy–Schwarz inequality obtains

e−rT/2
∫ T

τ
eκ(T−s) |g (s)| ds ≤

[∫ T

τ
e(2κ−r)(T−s)ds

]1/2 [∫ T

τ
e−rsg (s)2 ds

]1/2
(194)

Substituting (192) and (193) into (194) obtains, for all τ, T ∈ R+ with τ ≤ T ,

e−rT/2
∫ T

τ
eκ(T−s) |x̂i (s)− ψi (q (s))| ds ≤

[
H (T )−H (τ)

β (r − 2κ)

]1/2
(195)

By (119), e−κt [q̄ (t)− ω̂] is absolutely continuous with derivative e−κtg (t) /n almost everywhere, so
the fundamental theorem of calculus obtains

q̄ (τ)− ω̂ = eκτ [q̄ (0)− ω̂] +
1

n

∫ τ

0
eκ(τ−s)g (s) ds (196)

Applying the triangle inequality to (196) obtains

|q̄ (τ)− ω̂| ≤ eκτ |q̄ (0)− ω̂|+ 1

n

∫ τ

0
eκ(τ−s) |g (s)| ds (197)
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Fix T ∈ [0, τ ]. Multiplying (197) by e−rτ/2 and splitting the integral at T obtains

e−rτ/2 |q̄ (τ)− ω̂| ≤ e(κ−r/2)τ |q̄ (0)− ω̂|+ 1

n
e−rτ/2

∫ T

0
eκ(τ−s) |g (s)| ds

+
1

n
e−rτ/2

∫ τ

T
eκ(τ−s) |g (s)| ds (198)

Since e−rτ/2eκ(τ−s) = e(κ−r/2)(τ−T )e−rT/2eκ(T−s) for all s ∈ R and H (0) = 0 by (162), (195) obtains

e−rτ/2
∫ T

0
eκ(τ−s) |g (s)| ds = e(κ−r/2)(τ−T )e−rT/2

∫ T

0
eκ(T−s) |g (s)| ds

≤ e(κ−r/2)(τ−T )
[

H (T )

β (r − 2κ)

]1/2
(199)

(195) also obtains

e−rτ/2
∫ τ

T
eκ(τ−s) |g (s)| ds ≤

[
H (τ)−H (T )

β (r − 2κ)

]1/2
(200)

Substituting (199) and (200) into (198) obtains

e−rτ/2 |q̄ (τ)− ω̂| ≤ e(κ−r/2)τ |q̄ (0)− ω̂|+ 1

n
e(κ−r/2)(τ−T )

[
H (T )

β (r − 2κ)

]1/2
+

1

n

[
H (τ)−H (T )

β (r − 2κ)

]1/2
(201)

Since H (0) = 0 and e(κ−r/2)τ ≤ 1 because κ < 0 < r, taking T = 0 in (201) obtains

e−rτ/2 |q̄ (τ)− ω̂| ≤ |q̄ (0)− ω̂|+ 1

n

[
H (τ)

β (r − 2κ)

]1/2
(202)

Since (a+ b)2 ≤ 2a2 + 2b2 for all a, b ∈ R, squaring (202) obtains (190). Suppose H is bounded.
Since the integrand in (162) is nonnegative, H is nondecreasing, so L = limτ→∞H (τ) exists and
H (τ) ≤ L for all τ ∈ R+. Fix T ∈ R+. Since κ− r/2 < 0, the first two terms on the right side of
(201) converge to 0 as τ → ∞, so (201) obtains

lim sup
τ→∞

e−rτ/2 |q̄ (τ)− ω̂| ≤ 1

n

[
L−H (T )

β (r − 2κ)

]1/2
(203)

Since limT→∞H (T ) = L, letting T → ∞ in (203) obtains limτ→∞ e−rτ/2 |q̄ (τ)− ω̂| = 0, and
squaring obtains (191).

Lemma 30. Let ψ be the strategy profile in Theorem 3. If q0 ∈ RnS, then ψ ∈ Φ∗ (q0).

Proof. Fix q0 ∈ RnS , i ∈ N , and x̂i ∈ Xi, let u3, u4, c5, and Wi be given by Lemma 24, let q and
πi denote the state and cash flow in the mixed closed loop problem (x̂i, ψ−i), let q̄ = 1

n1
⊺q, and let

H be given by (162). By Lemma 28, there exist K1,K2 ∈ R such that (176) and (177) hold. Since
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q0 ∈ RnS , q0i = q̄0 =
1
n1

⊺q0, so Lemma 27 and the definition of Vi obtain

Πi (ψ|q0) =Wi (q0) (204)

Let T (τ) = e−rτWi (q (τ)) for all τ ∈ R+, so Lemma 26 obtains
∫ τ
0 e

−rtπidt =Wi (q0)−T (τ)−H (τ)

for all τ ∈ R+, and H is nondecreasing with H ≥ 0 by (162). Evaluating (177) at q (τ), multiplying
by e−rτ , and substituting K2e

−rτ ≤ |K2|, K1 > 0, q̄ (0) = q̄0, and (190) obtains, for all τ ∈ R+,

−T (τ) ≤ K1e
−rτ [q̄ (τ)− ω̂]2 + |K2| ≤ 2K1 [q̄0 − ω̂]2 + |K2|+

2K1

n2β (r − 2κ)
H (τ) (205)

By (176), the coefficient of H (τ) in (205) is less than 1. If H is bounded, then Lemma 29
obtains (191), so evaluating (177) at q (τ) and multiplying by e−rτ obtains lim infτ→∞ T (τ) ≥
limτ→∞

(
−K1e

−rτ [q̄ (τ)− ω̂]2 −K2e
−rτ

)
= 0. Hence Lemma 5 with G (τ) =Wi (q0) obtains

lim sup
τ→∞

∫ τ

0
e−rtπidt ≤Wi (q0) (206)

Since Πi (x̂i, ψ−i|q0) equals limτ→∞
∫ τ
0 e

−rtπidt if the limit exists in the extended reals and equals
−∞ otherwise, substituting (204) into (206) obtains Πi (x̂i, ψ−i|q0) ≤ Πi (ψ|q0). Hence ψ ∈ Φ∗ (q0)

because i ∈ N and x̂i ∈ Xi were arbitrary.

Lemma 31. Let ψ be the strategy profile in Theorem 3 and let u3, u4, c5, and Wi be given by
Lemma 24. Fix q0 ∈ Rn and i ∈ N , and let q̄0 = 1

n1
⊺q0. There exists x̂i ∈ Xi such that (207) holds.

Πi (x̂i, ψ−i|q0) =Wi (q0)−
c5
2
(q0i − q̄0)

2 (207)

Proof. Let v0 = q0i − q̄0, let y0 = q̄0 − ω̂, and let

θ =
(n+ 1) r + 2 (n− 1)κ

4n
(208)

Define a : R+ → R and b : R+ → R by

a (t) = v0e
θt (209)

b (t) = y0e
κt − v0

n+ 1

(
eθt − eκt

)
(210)

Define x̂i : R+ → R by

x̂i (t) = δ [ω̂ + b (t) + a (t)] + κb (t) +
2κ+ r

4
a (t) (211)

Since a and b are continuous, x̂i is continuous, so x̂i ∈ Xi. Let q and πi denote the state and cash
flow in the mixed closed loop problem (x̂i, ψ−i), let v (t) = qi (t)− q̄ (t) and y (t) = q̄ (t)− ω̂ for all
t ∈ R+, so v (0) = v0 and y (0) = y0, and let H be given by (162). Adding the definitions of v and
y obtains v (t) + y (t) = qi (t)− ω̂, so qi (t) = ω̂ + y (t) + v (t). Substituting this into the definition
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of ψ in Theorem 3 obtains

ψi (q (t)) = δ [ω̂ + y (t) + v (t)] + κy (t) +
r

2
v (t) (212)

By Lemma 23, (118) and (119) hold for almost all t ∈ R+, that is

v̇ (t) =
r

2
v (t) +

n− 1

n
[x̂i (t)− ψi (q (t))] (213)

ẏ (t) = κy (t) +
1

n
[x̂i (t)− ψi (q (t))] (214)

Subtracting (212) from (211) obtains

x̂i (t)− ψi (q (t)) = δ [a (t)− v (t)] + (δ + κ) [b (t)− y (t)] +
2κ+ r

4
a (t)− r

2
v (t) (215)

Substituting (215) into (213) and (214), the pair (v, y) satisfies a linear ordinary differential equation
with continuous coefficients, so (v, y) is its unique solution with v (0) = v0 and y (0) = y0. If
(v, y) = (a, b) then (215) simplifies to

x̂i (t)− ψi (q (t)) =
2κ+ r

4
a (t)− r

2
a (t) =

2κ− r

4
a (t) = −r − 2κ

4
a (t) (216)

Hence (a, b) satisfies (213) and (214) if and only if

ȧ (t) =

[
r

2
+

(n− 1) (2κ− r)

4n

]
a (t) (217)

ḃ (t) = κb (t) +
2κ− r

4n
a (t) (218)

Differentiating (209) and (210) obtains

ȧ (t) = θa (t) (219)

ḃ (t) = κb (t)− θ − κ

n+ 1
v0e

θt (220)

Rearranging (208) obtains

r

2
+

(n− 1) (2κ− r)

4n
= θ (221)

θ − κ

n+ 1
=
r − 2κ

4n
(222)

Combining (219) and (221) obtains (217). Combining (220), (222), and (209) obtains (218). Hence
(a, b) satisfies (213) and (214) with a (0) = v0 and b (0) = y0. Hence v = a and y = b by uniqueness,
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so for all t ∈ R+

qi (t)− q̄ (t) = v0e
θt (223)

q̄ (t)− ω̂ = y0e
κt − v0

n+ 1

(
eθt − eκt

)
(224)

x̂i (t)− ψi (q (t)) = −r − 2κ

4
v0e

θt (225)

where (223) and (224) restate v = a and y = b, and (216) and (209) obtain (225). Substituting
(225) into (162) obtains

H (τ) =

∫ τ

0
e−rtβ

(r − 2κ)2

16
v20e

2θtdt (226)

Rearranging (208) obtains

r − 2θ =
(n− 1) (r − 2κ)

2n
(227)

Since κ < 0 < r by Lemma 1 and n > 1, r − 2θ > 0. Evaluating the integral in (226) obtains

H (τ) =
β (r − 2κ)2 v20
16 (r − 2θ)

[
1− e−(r−2θ)τ

]
(228)

Substituting (227) and (120) into (228) obtains

H (τ) =
c5v

2
0

2

[
1− e−(r−2θ)τ

]
(229)

Since r − 2θ > 0, letting τ → ∞ in (229) obtains

lim
τ→∞

H (τ) =
c5v

2
0

2
(230)

Rearranging (208) obtains

θ − κ =
(n+ 1) (r − 2κ)

4n
(231)

Since r − 2κ > 0, (231) obtains θ > κ, so 0 ≤ eθt − eκt ≤ eθt and eκt ≤ eθt for all t ∈ R+. Let
M = |y0|+ |v0|, so (223) obtains |v (t)| ≤ Meθt for all t ∈ R+. Applying the triangle inequality to
(224) obtains, for all t ∈ R+,

|y (t)| ≤ |y0| eκt +
|v0|
n+ 1

(
eθt − eκt

)
≤Meθt (232)

Evaluating (126) at q (t) obtains

Wi (q (t)) = u3 (y (t)) + u4 (y (t)) v (t) + c5v (t)
2 (233)

Applying the triangle inequality to (233) and substituting |v (t)| ≤Meθt obtains

|Wi (q (t))| ≤ |u3 (y (t))|+ |u4 (y (t))|Meθt + c5M
2e2θt (234)
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Since u3 is a quadratic polynomial and u4 is affine, (232) and eθt ≤ 1 + e2θt bound every term on
the right side of (234) by a multiple of 1 + e2θt, so there exists L ∈ R+ such that, for all t ∈ R+,

|Wi (q (t))| ≤ L
(
1 + e2θt

)
(235)

Since r > 0 and r − 2θ > 0, L
(
e−rτ + e(2θ−r)τ

)
converges to 0 as τ → ∞, so (235) obtains

lim
τ→∞

e−rτWi (q (τ)) = 0 (236)

By Lemma 26, (230), and (236), letting τ → ∞ in (163) obtains

lim
τ→∞

∫ τ

0
e−rtπidt =Wi (q0)−

c5v
2
0

2
(237)

Since the limit in (237) exists, Πi (x̂i, ψ−i|q0) = Wi (q0) − c5v
2
0/2, which obtains (207) because

v0 = q0i − q̄0.

Proof of Theorem 3. Let ψ be the strategy profile displayed in the theorem. By Lemma 23, ψ ∈ ΦS ,
so ψ ∈ Φ. Fix q0 ∈ Rn and let q̄0 = 1

n1
⊺q0. If q0 ∈ RnS , then Lemma 30 obtains ψ ∈ Φ∗ (q0). Suppose

q0 /∈ RnS , so there exists i ∈ N such that q0i ̸= q̄0. Fix such i and let u3, u4, c5, and Wi be given
by Lemma 24. By Lemma 31, there exists x̂i ∈ Xi such that (207) holds, and Lemma 27 and the
definition of Vi obtain Πi (ψ|q0) =Wi (q0)− c5 (q0i − q̄0)

2. Since κ < 0 < r by Lemma 1 and n > 1,
(120) obtains c5 > 0, so

Πi (x̂i, ψ−i|q0)−Πi (ψ|q0) =
c5
2
(q0i − q̄0)

2 > 0 (238)

Hence (ψ, q0) is not a closed loop equilibrium, so ψ /∈ Φ∗ (q0). Since q0 ∈ Rn was arbitrary,
ψ ∈ Φ∗ (q0) if and only if q0 ∈ RnS .
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